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✐♠♣❧✐❝❛t✐♦♥✱ ♠❛❞❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦♥❝❡♣t ♦❢ ❧✐♥❡❛r✐t② ♣r♦♠✐♥❡♥t✱ ✇❤✐❧❡ r❡❧❛t✐♥❣ ✐t
✇✐t❤ t❤❡ ✉s✉❛❧ ❛❧❣❡❜r❛✐❝ ♥♦t✐♦♥✳ ❆ ♣r♦❣r❛♠ ✐s s❛✐❞ t♦ ❜❡ ❧✐♥❡❛r ✐❢ ✐t ✉s❡s ✐ts ❛r❣✉♠❡♥t
❡①❛❝t❧② ♦♥❝❡✳ ❚❤✐s ✈❛❣✉❡ ✐❞❡❛ ❝❛♥ ❜❡ ♠❛❞❡ ♠♦r❡ ♣r❡❝✐s❡✱ ❜② ❞❡✜♥✐♥❣ ✇❤✐❝❤ s✉❜t❡r♠s ♦❢
❛ t❡r♠ u ❛r❡ ✐♥ ❧✐♥❡❛r ♣♦s✐t✐♦♥ ✐♥ u✿
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❜❡ r❡❧❛t❡❞ ✇✐t❤ ❤❡❛❞ r❡❞✉❝t✐♦♥ ❛♥❞ ♠❡♠♦r② ♠❛♥❛❣❡♠❡♥t✿ t❤♦s❡ s✉❜t❡r♠s t❤❛t ❛r❡ ✐♥
❧✐♥❡❛r ♣♦s✐t✐♦♥ ❛r❡ ❡✈❛❧✉❛t❡❞ ❡①❛❝t❧② ♦♥❝❡ ✐♥ t❤❡ ❤❡❛❞ r❡❞✉❝t✐♦♥✱ t❤❡② ❛r❡ ♥♦t ❝♦♣✐❡❞ ♥♦r
❞✐s❝❛r❞❡❞✳
❆❧❣❡❜r❛✐❝ ❧✐♥❡❛r✐t② ✐s ❣❡♥❡r❛❧❧② t❤♦✉❣❤t ♦❢ ❛s ❝♦♠♠✉t❛t✐♦♥ ✇✐t❤ s✉♠s✳ ■t ✐s ✇❡❧❧ ❦♥♦✇♥
t❤❛t t❤❡ s♣❛❝❡ ♦❢ ❛❧❧ ❢✉♥❝t✐♦♥s ❢r♦♠ s♦♠❡ s❡t t♦ s♦♠❡ ✜①❡❞ R✲♠♦❞✉❧❡ ✐s ✐ts❡❧❢ ❛♥ R✲♠♦❞✉❧❡✱
✇✐t❤ ♦♣❡r❛t✐♦♥s ♦♥ ❢✉♥❝t✐♦♥s ❞❡✜♥❡❞ ♣♦✐♥t✇✐s❡✿ ❢♦r ✐♥st❛♥❝❡✱ t❤❡ s✉♠ ♦❢ t✇♦ ❢✉♥❝t✐♦♥s ✐s
❞❡✜♥❡❞ ❜② (f + g)(x) = f(x) + g(x)✳ ■♥ ✭❊❤r✵✶✮ ❛♥❞ ✭❊❤r✵✺✮✱ ❊❤r❤❛r❞ ✐♥tr♦❞✉❝❡❞ ❞❡♥♦✲
t❛t✐♦♥❛❧ ♠♦❞❡❧s ♦❢ ❧✐♥❡❛r ❧♦❣✐❝ ✇❤❡r❡ ❢♦r♠✉❧❛s ❛r❡ ✐♥t❡r♣r❡t❡❞ ❛s ♣❛rt✐❝✉❧❛r ✈❡❝t♦r s♣❛❝❡s
♦r ♠♦❞✉❧❡s ❛♥❞ ♣r♦♦❢s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ λ✲t❡r♠s ❛r❡ ✐♥t❡r♣r❡t❡❞ ❛s ❛♥❛❧②t✐❝ ❢✉♥❝t✐♦♥s
❞❡✜♥❡❞ ❜② ♣♦✇❡r s❡r✐❡s ♦♥ t❤❡s❡ s♣❛❝❡s✿ t❤✐s ✐s t❤❡ ❜❛s✐❝ ✐❞❡❛ ♦❢ ●✐r❛r❞✬s q✉❛♥t✐t❛t✐✈❡
s❡♠❛♥t✐❝s ✭●✐r✽✽✮✳ ❚❤✐s ♥♦t ♦♥❧② ❣✉✐❞❡❞ t❤❡ st✉❞② ♦❢ ❞✐✛❡r❡♥t✐❛t✐♦♥ ✐♥ λ✲❝❛❧❝✉❧✉s ❜②
❊❤r❤❛r❞ ❛♥❞ ❘❡❣♥✐❡r ✐♥ ✭❊❘✵✸✮✱ ❜✉t ❛❧s♦ ♦✛❡r❡❞ s❡r✐♦✉s ❣r♦✉♥❞✐♥❣ t♦ ❡♥❞♦✇ t❤❡ s❡t ♦❢
t❡r♠s ✇✐t❤ ❛ str✉❝t✉r❡ ♦❢ ✈❡❝t♦r s♣❛❝❡✱ ♦r ♦❢ R✲♠♦❞✉❧❡✱ ✇❤❡r❡ R ✐s ❛ r✐❣✿ ♦♥❡ ❝❛♥ ❢♦r♠
❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥s ♦❢ t❡r♠s✱ s✉❜❥❡❝t t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ✐❞❡♥t✐t✐❡s✿
λx
(
n∑
i=1
aisi
)
=
n∑
i=1
aiλx si ✭✶✮
❛♥❞ (
n∑
i=1
aisi
)
u =
n∑
i=1
ai(si)u ✭✷✮
❢♦r ❛❧❧ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥
∑n
i=1 aisi ♦❢ t❡r♠s✳ ❲❡ r❡❝♦✈❡r t❤❡ ❢❛❝t t❤❛t ❛♣♣❧✐❝❛t✐♦♥ ✐s
❧✐♥❡❛r ✐♥ t❤❡ ❢✉♥❝t✐♦♥ ❛♥❞ ♥♦t ✐♥ t❤❡ ❛r❣✉♠❡♥t✱ ✐♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧
♥♦t✐♦♥ ♦❢ ❧✐♥❡❛r✐t②✳
❘❡❞✉❝✐♥❣ ▲✐♥❡❛r ❈♦♠❜✐♥❛t✐♦♥s ♦❢ λ✲t❡r♠s✳ ❆♣❛rt ❢r♦♠ ❞✐✛❡r❡♥t✐❛t✐♦♥✱ ♦♥❡ ✐♠♣♦rt❛♥t
❢❡❛t✉r❡ ♦❢ t❤❡ ❝❛❧❝✉❧✉s ♦❢ ✭❊❘✵✸✮ ✐s t❤❡ ✇❛② β✲r❡❞✉❝t✐♦♥ ✐s ❡①t❡♥❞❡❞ t♦ s✉❝❤ ❧✐♥❡❛r ❝♦♠✲
❜✐♥❛t✐♦♥s ♦❢ t❡r♠s✳ ❆♠♦♥❣ t❡r♠s✱ s♦♠❡ ❛r❡ ❝♦♥s✐❞❡r❡❞ s✐♠♣❧❡✿ t❤❡② ❝♦♥t❛✐♥ ♥♦ s✉♠ ✐♥
❧✐♥❡❛r ♣♦s✐t✐♦♥✱ s♦ t❤❛t ♥♦r ✭✶✮ ♥♦r ✭✷✮ ❛♣♣❧✐❡s❀ ❤❡♥❝❡ t❤❡② ❛r❡ ✐♥tr✐♥s✐❝❛❧❧② ♥♦t s✉♠s✳
❚❤❡s❡ ❢♦r♠ ❛ ❜❛s✐s ♦❢ t❤❡ R✲♠♦❞✉❧❡ ♦❢ t❡r♠s✳ ❘❡❞✉❝t✐♦♥ → ✐s t❤❡♥ t❤❡ ❧❡❛st ❝♦♥t❡①t✉❛❧
r❡❧❛t✐♦♥ s✉❝❤ t❤❛t✿ ✐❢ s ✐s ❛ s✐♠♣❧❡ t❡r♠✱ t❤❡♥
(λx s) t→ s [t/x] ✭✸✮
❛♥❞✱ ✐❢ a ∈ R• ✐s ❛ ♥♦♥✲③❡r♦ s❝❛❧❛r✱
s→ s′ ✐♠♣❧✐❡s as+ t→ as′ + t . ✭✹✮
❙✐♥❝❡ ❡✈❡r② ♦r❞✐♥❛r② λ✲t❡r♠ ❝❛♥ ❜❡ ✈✐❡✇❡❞ ❛s ❛ s✐♠♣❧❡ t❡r♠✱ ✭✸✮ ❡①t❡♥❞s ✉s✉❛❧ β✲
r❡❞✉❝t✐♦♥✳ ❚❤❡ r❡q✉✐r❡♠❡♥t t❤❛t s ✐s s✐♠♣❧❡ ✐♥ ✭✸✮ ❛♥❞ ✭✹✮✱ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❝♦♥❞✐t✐♦♥
a 6= 0 ✐♥ ✭✹✮✱ ❡♥s✉r❡ → ❛❝t✉❛❧❧② r❡❞✉❝❡s s♦♠❡t❤✐♥❣✱ s♦ t❤❛t r❡❞✉❝t✐♦♥ ✐s ♥♦t tr✐✈✐❛❧❧②
r❡✢❡①✐✈❡✳
❆❧t❤♦✉❣❤ t❤❡ ♣r❡✈✐♦✉s ❞❡✜♥✐t✐♦♥ ♠✐❣❤t s❡❡♠ ❝♦♥t♦rt❡❞✱ ✐t ✐s t❡❝❤♥✐❝❛❧❧② ❡✣❝✐❡♥t✳ ❋♦r
✐♥st❛♥❝❡✱ ✐t ✐s ♣❛rt✐❝✉❧❛r❧② ✇❡❧❧ s✉✐t❡❞ ❢♦r ♣r♦✈✐♥❣ ❝♦♥✢✉❡♥❝❡ ✈✐❛ ✉s✉❛❧ ❚❛✐t✕▼❛rt✐♥✲▲ö❢
t❡❝❤♥✐q✉❡✿ ✐♥tr♦❞✉❝❡ ❛ ♣❛r❛❧❧❡❧ ✈❡rs✐♦♥ ⇒ ♦❢ → s✉❝❤ t❤❛t → ⊆⇒ ⊆ →∗✱ ❛♥❞ ♣r♦✈❡ t❤❛t
❆❧❣❡❜r❛✐❝ ▲❛♠❜❞❛✲❈❛❧❝✉❧✉s ✸
⇒ ❡♥❥♦②s t❤❡ ❞✐❛♠♦♥❞ ♣r♦♣❡rt②✳ ❍❡r❡ ⇒ ✐s r❡✢❡①✐✈❡ ❛♥❞ ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ❜❡❤❛✈✐♦✉r ♦♥
❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥s ♦❢ t❡r♠s✿
n∑
i=1
aisi ⇒
n∑
i=1
ais
′
i ❛s s♦♦♥ ❛s✱ ❢♦r ❛❧❧ i✱ si ⇒ s
′
i ❛♥❞ si ✐s s✐♠♣❧❡. ✭✺✮
❆ss✉♠✐♥❣ s ⇒ s′ ⇒ s′′ ❛r❡ s✐♠♣❧❡ t❡r♠s✱ ✇❡ ❤❛✈❡ s+ s′ ⇒ 2s′ ❛♥❞ s+ s′ ⇒ s+ s′′✿
t❤❡♥ ✭✺✮ ❛❧❧♦✇s t♦ ❝❧♦s❡ t❤❛t ♣❛✐r ♦❢ r❡❞✉❝t✐♦♥s ❜② 2s′ ⇒ s′ + s′′ ❛♥❞ s+ s′′ ⇒ s′ + s′′✳
❚❤✐s ✇♦✉❧❞ ♥♦t ❤♦❧❞ ✐❢ ✇❡ ❤❛❞ ❢♦r❝❡❞ t❤❡ si✬s ✐♥ ✭✺✮ t♦ ❜❡ ❞✐st✐♥❝t s✐♠♣❧❡ t❡r♠s ✖ t❤❛t
❝♦♥❞✐t✐♦♥ ✇♦✉❧❞ ❛♠♦✉♥t t♦ r❡❞✉❝❡ ❡❛❝❤ ❡❧❡♠❡♥t ♦❢ t❤❡ ❜❛s❡ ♦❢ s✐♠♣❧❡ t❡r♠s✱ ✐♥ ♣❛r❛❧❧❡❧✱
✇❤✐❝❤ ♠❛② s❡❡♠ ❛ ♥❛t✉r❛❧ ❝❤♦✐❝❡ ❛t ✜rst✳
❈♦❧❧❛♣s❡✳ ■♥ ✭❱❛✉✵✼❛✮✱ ❤♦✇❡✈❡r✱ t❤❡ ❛✉t❤♦r ♣r♦✈❡❞ t❤❛t t❤❡ ❛❜♦✈❡ ❤✐❣❤❡r✲♦r❞❡r r❡✇r✐t✐♥❣
♦❢ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥s ❝♦❧❧❛♣s❡s ❛s s♦♦♥ ❛s t❤❡ r✐❣ ♦❢ s❝❛❧❛rs ❛❞♠✐ts ♥❡❣❛t✐✈❡ ❡❧❡♠❡♥ts✿
✐❢ −1 ∈ R ✭s♦ t❤❛t 1 + (−1) = 0✮✱ t❤❡♥ ❢♦r ❛❧❧ t❡r♠s s ❛♥❞ t✱ s →∗ t✳ ❚❤✐s s❤♦✉❧❞
♥♦t ❜❡ ❛ s✉r♣r✐s❡✱ s✐♥❝❡ ✐♥ t❤❛t ❝❛s❡ t❤❡ s②st❡♠ ✐♥✈♦❧✈❡s ❜♦t❤ ♥❡❣❛t✐✈❡ ♥✉♠❜❡rs ❛♥❞
♣♦t❡♥t✐❛❧ ✐♥✜♥✐t② t❤r♦✉❣❤ ❛r❜✐tr❛r② ✜①❡❞ ♣♦✐♥ts✳ ■♥❞❡❡❞✱ t❛❦❡ Θ ❛ ✜①♣♦✐♥t ♦♣❡r❛t♦r ♦❢
t❤❡ λ✲❝❛❧❝✉❧✉s✱ s✉❝❤ t❤❛t (Θ) s→∗ (s) (Θ) s ❢♦r ❛❧❧ λ✲t❡r♠ s✳ ❲r✐t❡∞s ❢♦r (Θ)λx (s+ x)❀
t❤❡♥ ∞s →
∗ s+∞s✱ ❤❡♥❝❡ ∞s st❛♥❞s ❢♦r ❛♥ ✐♥✜♥✐t❡ ❛♠♦✉♥t ♦❢ s✳ ❲❡ ❣❡t✿
s = s+∞s −∞s +∞t −∞t →
∗ s− s+ t = t .
❆❧s♦✱ ✐❢ ♦♥❡ ❝❛♥ ❝♦♥s✐❞❡r ❢r❛❝t✐♦♥s ♦❢ s❝❛❧❛rs✱ str♦♥❣ ♥♦r♠❛❧✐③❛❜✐❧✐t② ❤♦❧❞s ♦♥❧② ❢♦r
♥♦r♠❛❧ t❡r♠s✿ ❛ss✉♠❡ s→ s′ ❛♥❞ R ❝♦♥t❛✐♥s ❞②❛❞✐❝ r❛t✐♦♥❛❧s❀ t❤❡♥
s =
1
2
s+
1
2
s →
1
2
s+
1
2
s′ →
1
4
s+
3
4
s′ → · · ·
❇♦t❤ t❤❡s❡ ❢❛✐❧✉r❡s ✐♥❞✐❝❛t❡ t❤❛t ♠✉❝❤ ❝❛r❡ ✐s ♥❡❡❞❡❞ ✇❤❡♥ ❞❡❛❧✐♥❣ ✇✐t❤ ❧✐♥❡❛r ❝♦♠❜✐✲
♥❛t✐♦♥s ♦❢ λ✲t❡r♠s✿ t❤❡s❡ ♠❛❦❡ t❤❡ ✐❞❡♥t✐t② ♦❢ t❡r♠s ✈❡r② ✐♥tr✐❝❛t❡✱ ♠✉❝❤ ♠♦r❡ s♦ t❤❛♥
♣❧❛✐♥ α✲❡q✉✐✈❛❧❡♥❝❡✱ s♦ t❤❛t ✐ts ✐♥t❡r❛❝t✐♦♥ ✇✐t❤ ❤✐❣❤❡r✲♦r❞❡r r❡✇r✐t✐♥❣ ❜❡❝♦♠❡s tr✐❝❦②✳
❆s ❛ r❡s✉❧t✱ ❛❧t❤♦✉❣❤ t❤❡ ♣r♦❜❧❡♠ ❛❜♦✉t ♥♦r♠❛❧✐③❛❜✐❧✐t② ✇❛s ✇❡❧❧ ♥♦t❡❞ ✐♥ ✭❊❘✵✸✮✱ t❤❡
❝♦❧❧❛♣s❡ ♦❢ r❡❞✉❝t✐♦♥ ✐♥ ♣r❡s❡♥❝❡ ♦❢ ♥❡❣❛t✐✈❡ ❝♦❡✣❝✐❡♥ts ❡❧✉❞❡❞ t❤❡ ❛✉t❤♦rs ♦❢ t❤❛t ♣❛✲
♣❡r✳ ■♥ t❤❡ ♣r❡s❡♥t ❝♦♥tr✐❜✉t✐♦♥✱ ✇❡ ❣✐✈❡ ❛ s②♥t❛❝t✐❝ ❢r❛♠❡✇♦r❦ ❢♦r t❤❡ st✉❞② ♦❢ ❧✐♥❡❛r
❝♦♠❜✐♥❛t✐♦♥s ♦❢ t❡r♠s✱ ✇❤✐❝❤ ❛✐♠s t♦ ❜❡ ♠♦r❡ r✐❣♦r♦✉s ❛♥❞ ❢♦r♠❛❧ t❤❛♥ t❤❛t ❞❡✈❡❧♦♣❡❞
✐♥ ✭❊❘✵✸✮ ♦r ✭❱❛✉✵✼❛✮✿ ✐♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ♣✉t ♠✉❝❤ ❝❛r❡ ✐♥ ❞❡✈❡❧♦♣♣✐♥❣ ❛♥ ❡①♣❧✐❝✐t ✐♠♣❧❡✲
♠❡♥t❛t✐♦♥ ♦❢ t❤❡ R✲♠♦❞✉❧❡ ♦❢ t❡r♠s✳ ❆❧s♦✱ ✇❡ ❞♦ ♥♦t ❝♦♥s✐❞❡r ❞✐✛❡r❡♥t✐❛t✐♦♥ ♥♦r ❝❧❛ss✐❝❛❧
❝♦♥tr♦❧ ♦♣❡r❛t♦rs✱ ❛♥❞ ♦♥❧② ❢♦❝✉s ♦♥ t❤❡ ❛❧❣❡❜r❛✐❝ str✉❝t✉r❡ ♦❢ t❡r♠s ❛♥❞ t❤❡ ✐♥t❡r❛❝t✐♦♥
❜❡t✇❡❡♥ ❝♦❡✣❝✐❡♥ts ❛♥❞ r❡❞✉❝t✐♦♥✳ ❲❡ ❝❛❧❧ t❤❡ ♦❜t❛✐♥❡❞ s②st❡♠ t❤❡ ❛❧❣❡❜r❛✐❝ λ✲❝❛❧❝✉❧✉s✳
❈♦♥tr✐❜✉t✐♦♥s✳ ■♥ s❡❝t✐♦♥ ✷✱ ✇❡ ❢♦r♠❛❧✐③❡ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ R✲♠♦❞✉❧❡ ♦❢ t❡r♠s✱ ✈❛❧✲
✐❞❛t✐♥❣ ✐❞❡♥t✐t✐❡s ✭✶✮ ❛♥❞ ✭✷✮✱ ❛♥❞ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❦❡② ♥♦t✐♦♥ ♦❢ ❝❛♥♦♥✐❝❛❧ ❢♦r♠s✳ ❲❡
❛❧s♦ ❝♦♠♣❛r❡ t❤✐s ♣r❡s❡♥t❛t✐♦♥ t♦ t❤❛t ♦❢ ✭❊❘✵✸✮✿ t❡r♠s à ❧❛ ❊❤r❤❛r❞✕❘❡❣♥✐❡r ❛r❡ ❥✉st
❝❛♥♦♥✐❝❛❧ ❢♦r♠s ♦❢ t❡r♠s ✐♥ ♦✉r s❡tt✐♥❣✳ ❚❤✐s ✐s ❛♥ ✐♠♣♦rt❛♥t ♣❛rt ♦❢ t❤❡ ♣r❡s❡♥t ✇♦r❦✱
✇❤✐❝❤ ✇❡ ❤♦♣❡ s❤❡❞s ♥❡✇ ❧✐❣❤t ♦♥ t❤❡ str✉❝t✉r❡ t❤❡ R✲♠♦❞✉❧❡ ♦❢ t❡r♠s✳ ■♥ s❡❝t✐♦♥ ✸ ✇❡
❞❡✜♥❡ r❡❞✉❝t✐♦♥✱ ✉s✐♥❣ r✉❧❡ ✭✹✮ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ s✉♠✱ ❛♥❞ ❞✐s❝✉ss ❝♦♥s❡r✈❛t✐✈✐t② ✇✳r✳t✳ ♦r✲
❞✐♥❛r② β✲r❡❞✉❝t✐♦♥✳ ❙❡❝t✐♦♥ ✹ ♣r❡s❡♥ts ❛ ❈✉rr②✲st②❧❡ s✐♠♣❧❡ t②♣❡ s②st❡♠ ❢♦r t❤❡ ❛❧❣❡❜r❛✐❝
λ✲❝❛❧❝✉❧✳ ❲❡ ♣r♦✈❡ s✉❜❥❡❝t r❡❞✉❝t✐♦♥ ❤♦❧❞s ✐✛ t❤❡ r✐❣ ♦❢ s❝❛❧❛rs ✐s ♣♦s✐t✐✈❡✳ ■♥ s❡❝t✐♦♥ ✺✱
▲✳ ❱❛✉① ✹
✇❡ ❞✐s❝✉ss ♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥s ❢♦r str♦♥❣ ♥♦r♠❛❧✐③❛t✐♦♥ ♦❢ t②♣❡❞ t❡r♠s t♦ ❤♦❧❞❀ ✇❡ r❡✜♥❡
t❤❡s❡ t♦ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s ❛♥❞ ❣❡♥❡r❛❧✐③❡ t❤❡ ♣r♦♦❢ ♦❢ str♦♥❣ ♥♦r♠❛❧✐③❛t✐♦♥ ♦❢ ❞✐✛❡r✲
❡♥t✐❛❧ λ✲❝❛❧❝✉❧✉s ❜② ❊❤r❤❛r❞ ❛♥❞ ❘❡❣♥✐❡r ✭❊❘✵✸✮✳ ❲❡ ❝♦♥❝❧✉❞❡ ❜② ❞✐s❝✉ss✐♥❣ ♣♦ss✐❜❧❡
♦t❤❡r ❛♣♣r♦❛❝❤❡s ✐♥ s❡❝t✐♦♥ ✻✳
❆❜♦✉t Pr❡✈✐♦✉s ❲♦r❦s✳ ▼♦st ♦❢ t❤❡ r❡s✉❧ts ♦❢ t❤✐s ♣❛♣❡r ✇❡r❡ ❛❧r❡❛❞② ♣r❡s❡♥t ✐♥ ✭❱❛✉✵✼❛✮
♦r ❡✈❡♥ ✭❊❘✵✸✮✱ s♦♠❡t✐♠❡s ✐♥ ❛ ✇❡❛❦❡r ❢♦r♠✳ ■♥ t❤♦s❡ t✇♦ ♣r❡✈✐♦✉s ✇♦r❦s✱ ❤♦✇❡✈❡r✱ t❤❡
❢♦❝✉s ✇❛s ♦♥ ❞✐✛❡r❡♥t✐❛t✐♦♥ ❛♥❞ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥s ♦❢ t❡r♠s ❛♥❞ t❤❡✐r
❡✛❡❝ts ♦♥ r❡❞✉❝t✐♦♥ ✇❡r❡ ❝♦♥s✐❞❡r❡❞ ♦❢ ♠❛r❣✐♥❛❧ ✐♥t❡r❡st✳ ❆s ✇❡ st❛t❡❞ ❜❡❢♦r❡✱ t❤✐s ♠❛②
✐♥ ♣❛rt✐❝✉❧❛r ❡①♣❧❛✐♥ ✇❤② s♦♠❡ ♦❢ t❤❡ ♣r♦❜❧❡♠s ✇❡ ✐♥s✐st ♦♥ ✐♥ t❤✐s ♣❛♣❡r ✇❡r❡ ♣✉t ❛s✐❞❡
✐♥ ✭❊❘✵✸✮✳ ❚❤❡ ♠❛t❡r✐❛❧ ♦❢ s❡❝t✐♦♥s ✷ ❛♥❞ ✸ ✇❛s t❤❡ s✉❜❥❡❝t ♦❢ t❤❡ ❘❚❆✬✵✼ ❝♦♥❢❡r❡♥❝❡
❡①t❡♥❞❡❞ ❛❜str❛❝t ✭❱❛✉✵✼❜✮✳ ❆❧t❤♦✉❣❤ ❛ ✈❡r② ❜r✐❡❢ ♦✉t❧✐♥❡ ♦❢ ❛ ♣r❡❧✐♠✐♥❛r② ✈❡rs✐♦♥ ♦❢
s❡❝t✐♦♥ ✺ ✇❛s ❣✐✈❡♥ ✐♥ t❤❛t ❧❛st ♣❛♣❡r✱ t❤❡ ♥♦r♠❛❧✐③❛t✐♦♥ r❡s✉❧ts ♦❢ t❤❡ ♣r❡s❡♥t ❛rt✐❝❧❡ ❛r❡
❝♦♠♣❧❡t❡❧② ♥❡✇✱ ✐♥ t❤❛t t❤❡② str✐❝t❧② ❣❡♥❡r❛❧✐③❡ t❤♦s❡ ♦❢ ✭❱❛✉✵✼❛✮✳
✷✳ ▲✐♥❡❛r ❈♦♠❜✐♥❛t✐♦♥s ♦❢ ❚❡r♠s
■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ s❡t ♦❢ t❡r♠s ♦❢ t❤❡ ❛❧❣❡❜r❛✐❝ λ✲❝❛❧❝✉❧✉s ✐♥ s❡✈❡r❛❧ st❡♣s✳
❋✐rst ✇❡ ❣✐✈❡ ❛ ❣r❛♠♠❛r ♦❢ t❡r♠s✱ ♦♥ ✇❤✐❝❤ ✇❡ ❞❡✜♥❡ α✲❡q✉✐✈❛❧❡♥❝❡ ❛♥❞ s✉❜st✐t✉t✐♦♥ ❛s
✐♥ ❑r✐✈✐♥❡✬s ✭❑r✐✾✵✮✳ ❚❤❡♥ ✇❡ ❞❡✜♥❡ ❛ ♥♦t✐♦♥ ♦❢ ❛❧❣❡❜r❛✐❝ ❡q✉❛❧✐t② ♦♥ t❤❡s❡ t❡r♠s✿ t❤✐s ✐s
❣✐✈❡♥ ❜② ❛♥ ❡q✉✐✈❛❧❡♥❝❡ r❡❧❛t✐♦♥ , ♦♥ t❡r♠s s✉❝❤ t❤❛t t❤❡ ❛ss♦❝✐❛t❡❞ q✉♦t✐❡♥t s❡t ✐s ❛♥
R✲♠♦❞✉❧❡✱ ♠♦r❡♦✈❡r ✈❛❧✐❞❛t✐♥❣ ✐❞❡♥t✐t✐❡s ✭✶✮ ❛♥❞ ✭✷✮✳ ❚❤❡ ❡❧❡♠❡♥ts ♦❢ t❤✐s q✉♦t✐❡♥t s❡t
❛r❡ t❤❡ ♦❜❥❡❝ts ♦❢ t❤❡ ❛❧❣❡❜r❛✐❝ λ✲❝❛❧❝✉❧✉s✳ ❲❡ t❤❡♥ ✐♥tr♦❞✉❝❡ ❝❛♥♦♥✐❝❛❧ ❢♦r♠s ♦❢ t❡r♠s ❛s
❞✐st✐♥❣✉✐s❤❡❞ ❡❧❡♠❡♥ts ♦❢ ,✲❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss❡s✳ ❲❡ s❤♦✇ t❤✐s ❝♦♥str✉❝t✐♦♥ ❡♥❝♦♠♣❛ss❡s
t❤❡ ❛❜str❛❝t ♣r❡s❡♥t❛t✐♦♥ ❜② ❊❤r❤❛r❞ ❛♥❞ ❘❡❣♥✐❡r ✐♥ ✭❊❘✵✸✮✱ ❜❛s❡❞ ♦♥ ❛♥ ✐♥❝r❡❛s✐♥❣
s❡q✉❡♥❝❡ ♦❢ q✉♦t✐❡♥ts✳
✷✳✶✳ ❘❛✇ ❚❡r♠s
▲❡t ❜❡ ❣✐✈❡♥ ❛ ❞❡♥✉♠❡r❛❜❧❡ s❡t V ♦❢ ✈❛r✐❛❜❧❡s✳ ❲❡ ✉s❡ ❧❡tt❡rs ❛♠♦♥❣ x, y, z t♦ ❞❡♥♦t❡
✈❛r✐❛❜❧❡s✳
❉❡✜♥✐t✐♦♥ ✷✳✶✳ ❚❤❡ ❧❛♥❣✉❛❣❡ L0R ♦❢ t❤❡ r❛✇ t❡r♠s ♦❢ t❤❡ ❛❧❣❡❜r❛✐❝ λ✲❝❛❧❝✉❧✉s ♦✈❡r R
✭❞❡♥♦t❡❞ ❜② ❝❛♣✐t❛❧ ❧❡tt❡rs L,M,N✮ ✐s ❣✐✈❡♥ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❣r❛♠♠❛r✿
M,N, . . . ::= x | λxM | (M)N | 0 | aM |M +N .
❉❡✜♥✐t✐♦♥ ✷✳✷✳ ❲❡ ❞❡✜♥❡ ❢r❡❡ ✈❛r✐❛❜❧❡s ♦❢ t❡r♠s ❛s ❢♦❧❧♦✇s✿
✖ ✈❛r✐❛❜❧❡ x ✐s ❢r❡❡ ✐♥ t❡r♠ y ✐❢ x = y❀
✖ ✈❛r✐❛❜❧❡ x ✐s ❢r❡❡ ✐♥ λyM ✐❢ x 6= y ❛♥❞ x ✐s ❢r❡❡ ✐♥ M ❀
✖ ✈❛r✐❛❜❧❡ x ✐s ❢r❡❡ ✐♥ (M)N ✐❢ x ✐s ❢r❡❡ ✐♥ M ♦r ✐♥ N ❀
✖ ✈❛r✐❛❜❧❡ x ✐s ❢r❡❡ ✐♥ aM ✐❢ x ✐s ❢r❡❡ ✐♥ M ❀
✖ ✈❛r✐❛❜❧❡ x ✐s ❢r❡❡ ✐♥ t❡r♠ M +N ✐❢ x ✐s ❢r❡❡ ✐♥ M ♦r ✐♥ N ✳
❆❧❣❡❜r❛✐❝ ▲❛♠❜❞❛✲❈❛❧❝✉❧✉s ✺
■♥ ♣❛rt✐❝✉❧❛r✱ ♥♦ ✈❛r✐❛❜❧❡ ♦❝❝✉rs ❢r❡❡ ✐♥ t❡r♠ 0✳ ◆♦t✐❝❡ ❤♦✇❡✈❡r t❤❛t✱ ❜② t❤❡ ♣r❡✈✐♦✉s
❞❡✜♥✐t✐♦♥✱ aM ♠✐❣❤t ❤❛✈❡ ❢r❡❡ ✈❛r✐❛❜❧❡s ❡✈❡♥ ✐❢ a = 0✿ ❛s ❢❛r ❛s r❛✇ t❡r♠s ❛r❡ ❝♦♥❝❡r♥❡❞✱
0M ✐s ♥♦t t❤❡ s❛♠❡ ❛s 0✳
❋r♦♠ t❤✐s ❞❡✜♥✐t✐♦♥ ♦❢ ❢r❡❡ ✈❛r✐❛❜❧❡s✱ ✇❡ ❞❡r✐✈❡ α✲❡q✉✐✈❛❧❡♥❝❡ ✭❞❡♥♦t❡❞ ❜② ∼✮ ❛s ✐♥
✭❑r✐✾✵✮✳ ❲❡ ✇✐❧❧ ❛❧✇❛②s ❝♦♥s✐❞❡r r❛✇ t❡r♠s ✉♣✲t♦ α✲❡q✉✐✈❛❧❡♥❝❡✳ ▼♦r❡ ❢♦r♠❛❧❧②✿
❉❡✜♥✐t✐♦♥ ✷✳✸✳ ❚❤❡ s❡t LR ♦❢ t❤❡ r❛✇ t❡r♠s ♦❢ t❤❡ ❛❧❣❡❜r❛✐❝ λ✲❝❛❧❝✉❧✉s ♦✈❡r R ✐s t❤❡
q✉♦t✐❡♥t s❡t L0R/∼✳
❆❣❛✐♥✱ ✇❡ ❞❡r✐✈❡ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ s✉❜st✐t✉t✐♦♥ ❢♦❧❧♦✇✐♥❣ t❤❛t ✐♥ ✭❑r✐✾✵✮✳ ❲❡ ✇r✐t❡M [N/x]
❢♦r t❤❡ ✭❝❛♣t✉r❡✲❛✈♦✐❞✐♥❣✮ s✉❜st✐t✉t✐♦♥ ♦❢ N ❢♦r x ✐♥ M ✳ ▼♦r❡ ❣❡♥❡r❛❧❧②✱ ✐❢ x1, . . . , xn ❛r❡
❞✐st✐♥❝t ✈❛r✐❛❜❧❡s ❛♥❞ N1, . . . , Nn ❛r❡ t❡r♠s✱ ✇❡ ✇r✐t❡ M [N1, . . . , Nn/x1, . . . , xn] ❢♦r t❤❡
s✐♠✉❧t❛♥❡♦✉s ❝❛♣t✉r❡ ❛✈♦✐❞✐♥❣ s✉❜st✐t✉t✐♦♥ ♦❢ ❡❛❝❤ Ni ❢♦r ❡❛❝❤ xi ✐♥ M ✳ ❲❡ ♦❜t❛✐♥ t❤❡
❢♦❧❧♦✇✐♥❣ ✈❛r✐❛♥ts ♦❢ ❞❡✜♥✐t✐♦♥s ❛♥❞ ♣r♦♣❡rt✐❡s ❢r♦♠ ✭❑r✐✾✵✮✳
Pr♦♣♦s✐t✐♦♥ ✷✳✹✳ ❋♦r ❛❧❧ t❡r♠s M,N1, . . . , Nn, L1, . . . , Lp ❛♥❞ ❛❧❧ ❞✐st✐♥❝t ✈❛r✐❛❜❧❡s
x1, . . . , xn, y1, . . . , yp✱
M [N1, . . . , Nn/x1, . . . , xn] [L1, . . . , Lp/y1, . . . , yp]
∼ M [N ′1, . . . , N
′
n, L1, . . . , Lp/x1, . . . , xn, y1, . . . , yp]
✇❤❡r❡ N ′i = Ni [L1, . . . , Lp/y1, . . . , yp]✳
❉❡✜♥✐t✐♦♥ ✷✳✺✳ ❆ ❜✐♥❛r② r❡❧❛t✐♦♥ r ♦♥ r❛✇ t❡r♠s ✐s s❛✐❞ t♦ ❜❡ ❝♦♥t❡①t✉❛❧ ✐❢ ✐t s❛t✐s✜❡s
t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s✿
✖ x r x❀
✖ λxM r λxM ′ ❛s s♦♦♥ ❛s M rM ′❀
✖ (M)N r (M ′)N ′ ❛s s♦♦♥ ❛s M rM ′ ❛♥❞ N r N ′❀
✖ 0 r 0❀
✖ aM r aM ′ ❛s s♦♦♥ ❛s M rM ′❀
✖ M +N rM ′ +N ′ ❛s s♦♦♥ ❛s M rM ′ ❛♥❞ N r N ′✳
❚❤✐s ♥♦t✐♦♥ ♦❢ ❝♦♥t❡①t✉❛❧ r❡❧❛t✐♦♥ ✐s t❤❡ ❛♥❛❧♦❣✉❡ ♦❢ ❛ λ✲❝♦♠♣❛t✐❜❧❡ r❡❧❛t✐♦♥ ✐♥ ✭❑r✐✾✵✮✳
■♥ ♣❛rt✐❝✉❧❛r✱ ❛ ❜✐♥❛r② r❡❧❛t✐♦♥ r ✐s ❝♦♥t❡①t✉❛❧ ✐✛ ✐t ✐s r❡✢❡①✐✈❡ ❛♥❞✿
✖ λxM r λxM ′ ❛s s♦♦♥ ❛s M rM ′❀
✖ (M)N r (M ′)N ′ ❛s s♦♦♥ ❛s M rM ′ ❛♥❞ N r N ′❀
✖ aM r aM ′ ❛s s♦♦♥ ❛s M rM ′❀
✖ M +N rM ′ +N ′ ❛s s♦♦♥ ❛s M rM ′ ❛♥❞ N r N ′✳
Pr♦♣♦s✐t✐♦♥ ✷✳✻✳ ■❢ r ✐s ❛ ❝♦♥t❡①t✉❛❧ r❡❧❛t✐♦♥✱ t❤❡♥ M [N/x] r M [N ′/x] ❛s s♦♦♥ ❛s
N r N ′✳
❆❣❛✐♥✱ t❤✐s r❡s✉❧t ✐s ♦♥❧② ❛♥ ♦❜✈✐♦✉s ✈❛r✐❛♥t ♦❢ t❤❛t ♦❢ ✭❑r✐✾✵✮✳
▲✳ ❱❛✉① ✻
✷✳✷✳ ❚❤❡ R✲▼♦❞✉❧❡ ♦❢ ❚❡r♠s
❲❡ ✐♥tr♦❞✉❝❡ t❤❡ ❛❝t✉❛❧ ❛❧❣❡❜r❛✐❝ ❝♦♥t❡♥t ♦❢ t❤❡ ❝❛❧❝✉❧✉s ❜② ❞❡✜♥✐♥❣ ❛♥ ❡q✉✐✈❛❧❡♥❝❡
r❡❧❛t✐♦♥ , ❡♥❝♦♠♣❛ss✐♥❣ ✉s✉❛❧ ✐❞❡♥t✐t✐❡s ❜❡t✇❡❡♥ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥s✱ t♦❣❡t❤❡r ✇✐t❤ ✭✶✮
❛♥❞ ✭✷✮✳
❉❡✜♥✐t✐♦♥ ✷✳✼✳ ❆❧❣❡❜r❛✐❝ ❡q✉❛❧✐t② , ✐s ❞❡✜♥❡❞ ♦♥ r❛✇ t❡r♠s ❛s t❤❡ ❧❡❛st ❝♦♥t❡①t✉❛❧
❡q✉✐✈❛❧❡♥❝❡ r❡❧❛t✐♦♥ s✉❝❤ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ✐❞❡♥t✐t✐❡s ❤♦❧❞✿
✖ ❛①✐♦♠s ♦❢ ❝♦♠♠✉t❛t✐✈❡ ♠♦♥♦✐❞✿
0+M , M ✭✻❛✮
(M +N) + L , M + (N + L) ✭✻❜✮
M +N , N +M ✭✻❝✮
✖ ❛①✐♦♠s ♦❢ ♠♦❞✉❧❡ ♦✈❡r r✐❣ R✿
a(M +N) , aM + aN ✭✼❛✮
aM + bM , (a+ b)M ✭✼❜✮
a(bM) , (ab)M ✭✼❝✮
1M , M ✭✼❞✮
0M , 0 ✭✼❡✮
a0 , 0 ✭✼❢✮
✖ ❧✐♥❡❛r✐t② ✐♥ t❤❡ λ✲❝❛❧❝✉❧✉s✿
λx0 , 0 ✭✽❛✮
λx (aM) , a (λxM) ✭✽❜✮
λx (M +N) , λxM + λxN ✭✽❝✮
(0)L , 0 ✭✽❞✮
(aM)L , a ((M)L) ✭✽❡✮
(M +N)L , (M)L+ (N)L ✭✽❢✮
❲❡ ❝❛❧❧ ❛❧❣❡❜r❛✐❝ λ✲t❡r♠s t❤❡ ❡❧❡♠❡♥ts ♦❢ LR/,✱ ✐✳❡✳ t❤❡ ,✲❝❧❛ss❡s ♦❢ r❛✇ t❡r♠s✳ ■❢M ∈ LR✱
✇❡ ✇r✐t❡ M ❢♦r ✐ts ,✲❝❧❛ss✳
◆♦t✐❝❡ t❤❛t ✐❞❡♥t✐t② ✭✼❢✮ ❝♦✉❧❞ ❜❡ r❡♠♦✈❡❞✱ ❛s ✐t ✐s ❞❡r✐✈❡❞ ❢r♦♠ ✭✼❡✮ ❛♥❞ ✭✼❝✮✳ ■❞❡♥t✐t✐❡s
✭✽❛✮ t❤r♦✉❣❤ ✭✽❝✮ s✉❜s✉♠❡ ✭✶✮ ❛♥❞ ✐❞❡♥t✐t✐❡s ✭✽❞✮ t❤r♦✉❣❤ ✭✽❢✮ s✉❜s✉♠❡ ✭✷✮✳ ❚❤❡♥ t❤❡
q✉♦t✐❡♥t s❡t LR/, ✐s ❛♥ R✲♠♦❞✉❧❡ ✈❛❧✐❞❛t✐♥❣ ✭✶✮ ❛♥❞ ✭✷✮✳
❉❡✜♥✐t✐♦♥ ✷✳✽✳ ❋♦r ❛❧❧ M1, . . . ,Mn ∈ LR✱ ✇❡ ✇r✐t❡ M1 + · · ·+Mn ♦r ❡✈❡♥
∑n
i=1Mi ❢♦r
t❤❡ t❡r♠ M1 + (· · ·+Mn) ✭♦r 0 ✐❢ n = 0✮✳
❖♥❡ ♠✐❣❤t t❤✐♥❦ ♦❢ ❛ r❛✇ t❡r♠ M ∈ LR ❛s ❛ ✇r✐t✐♥❣ ♦❢ ✐ts ,✲❝❧❛ss✱ ✇❤✐❝❤ ✐s ❛♥ ❡❧❡♠❡♥t
♦❢ t❤❡ R✲♠♦❞✉❧❡ LR/,✳ ❆♠♦♥❣ r❛✇ t❡r♠s✱ s♦♠❡ s❤♦✉❧❞ ❜❡ ❞✐st✐♥❣✉✐s❤❡❞ ❛s ❝❛♥♦♥✐❝❛❧
✇r✐t✐♥❣s✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ ✇❛♥t t♦ ♠❛❦❡ t❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥t ♠❡❛♥✐♥❣❢✉❧✿ ❡✈❡r②
❆❧❣❡❜r❛✐❝ ▲❛♠❜❞❛✲❈❛❧❝✉❧✉s ✼
t❡r♠ M ∈ LR ❝❛♥ ❜❡ ✉♥✐q✉❡❧② ✇r✐tt❡♥ ❛s M ,
∑n
i=1 aisi ✇❤❡r❡ t❤❡ si✬s ❛r❡ ♣❛✐r✇✐s❡
❞✐st✐♥❝t ❜❛s❡ ❡❧❡♠❡♥ts ❛♥❞ t❤❡ ai✬s ❛r❡ ♥♦♥ ③❡r♦✳
❆ ❣♦♦❞ ❝❛♥❞✐❞❛t❡ ❢♦r s✉❝❤ ❛ ❝❛♥♦♥✐❝❛❧ ❜❛s❡ ✐s ♦❜t❛✐♥❡❞ ❛s ❢♦❧❧♦✇s✿
✖ ❛❧❧ t❤❡ ✐❞❡♥t✐t✐❡s ✐♥ ❣r♦✉♣s ♦❢ ❡q✉❛t✐♦♥s ✭✻✮ ✭✼✮ ❛♥❞ ✭✽✮✱ ❡①❝❡♣t ✭✻❝✮✱ ❝❛♥ ❜❡ ♦r✐❡♥t❡❞
❢r♦♠ ❧❡❢t t♦ r✐❣❤t t♦ ❢♦r♠ ❛ r❡✇r✐t❡ s②st❡♠❀
✖ r❛✇ t❡r♠s ✇❤✐❝❤ ❛r❡ ♥♦r♠❛❧ ✐♥ t❤✐s r❡✇r✐t❡ s②st❡♠✱ ❛♥❞ ❛r❡ ♦❢ t❤❡ s❤❛♣❡ x✱ λxM ♦r
(M)N ✱ ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ❜❛s❡ ❡❧❡♠❡♥ts ✭t❤❡② ❛r❡ ♥♦t s✉♠s✮❀
✖ ❡✈❡r② M ∈ LR ❤❛s ❛ ♥♦r♠❛❧ ❢♦r♠ ✐♥ t❤✐s s②st❡♠✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ❛ ❧✐♥❡❛r
❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❜❛s❡ t❡r♠s✳
◆♦t✐❝❡ ❤♦✇❡✈❡r t❤❛t ❛ ♥♦r♠❛❧ ❢♦r♠ ✐♥ t❤✐s s②st❡♠ ♥❡❡❞ ♥♦t ❜❡ ❝❛♥♦♥✐❝❛❧✿ ❝♦♥s✐❞❡r✱ ❡✳❣✳✱
x + y + x✳ ❚❤❡ ♣r♦❜❧❡♠ ✐s ♦❢ ❝♦✉rs❡ t❤❛t ✇❡ ❧❡❢t ♦✉t ❝♦♠♠✉t❛t✐✈✐t②✿ ❛❞❞✐♥❣ ✭✻❝✮ ✇♦✉❧❞
❜r❡❛❦ t❤❡ ✈❡r② ♥♦t✐♦♥ ♦❢ ♥♦r♠❛❧ ❢♦r♠✳ ❘❡✇r✐t✐♥❣ ✉♣ t♦ ❝♦♠♠✉t❛t✐✈✐t②✱ ♦r ✉♣ t♦ ❛ss♦❝✐❛✲
t✐✈✐t② ❛♥❞ ❝♦♠♠✉t❛t✐✈✐t②✱ ✐s ❛ ♥♦t❛❜❧❡ tr❡♥❞ ✐♥ r❡✇r✐t✐♥❣ t❤❡♦r②✱ ✇✐t❤ ✇❡❧❧✲❡st❛❜❧✐s❤❡❞
❧✐tt❡r❛t✉r❡✿ ❧❡t✬s ❥✉st ❝✐t❡ ✭P❙✽✶✮✳ ❊✈❡♥ ❝❧♦s❡r t♦ ♦✉r s✉❜❥❡❝t✱ ❆rr✐❣❤✐ ❛♥❞ ❉♦✇❡❦ ♣r♦♣♦s❡❞
✐♥ ✭❆❉✵✺✮ ❛♥ ❛ss♦❝✐❛t✐✈❡✕❝♦♠♠✉t❛t✐✈❡ r❡✇r✐t❡ s②st❡♠ ✐♠♣❧❡♠❡♥t✐♥❣ ❛ ❝♦♠♣✉t❛t✐♦♥❛❧ ♥♦✲
t✐♦♥ ♦❢ ✈❡❝t♦r s♣❛❝❡✱ ✇❤✐❝❤ ✐s ✈❡r② ❝❧♦s❡ t♦ ✇❤❛t ✇❡ ❤❛✈❡ ❥✉st ♦✉t❧✐♥❡❞✳
■♥ t❤❡ ❝✉rr❡♥t s❡tt✐♥❣✱ ❤♦✇❡✈❡r✱ ♦✉r ❢♦❝✉s ✐s ♦♥ ♣r❡❝✐s✐♥❣ t❤❡ s②♥t❛① ♦❢ t❤❡ ❛❧❣❡❜r❛✐❝
λ✲❝❛❧❝✉❧✉s✿ ✇❡ ❛r❡ ♦♥❧② ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❝❛♥♦♥✐❝❛❧ ❢♦r♠s ❛♥❞ ❜❛s❡ ❡❧❡♠❡♥ts✳
❍❡♥❝❡ ✇❡ ❞♦ ♥♦t ❢✉❧❧② r❡♣r♦❞✉❝❡ s✉❝❤ ❛ r❡✇r✐t❡✲t❤❡♦r❡t✐❝ ❞❡✈❡❧♦♣♠❡♥t✳ ❲❡ r❛t❤❡r ❡①t❡♥❞
♦✉r ♥♦t✐♦♥ ♦❢ ❡q✉❛❧✐t② ♦❢ t❡r♠s ❛ ♠✐♥✐♠❛✱ s♦ t❤❛t t❤❡ ♦r❞❡r ♦❢ s✉♠♠❛♥❞s ✐♥
∑n
i=1Mi ♥♦
❧♦♥❣❡r ♠❛tt❡rs✳ ❆s ❢❛r ❛s s②♥t❛① ✐s ❝♦♥❝❡r♥❡❞✱ t❤✐s ✐s q✉✐t❡ ❜❡♥✐❣♥✳ ▼♦r❡♦✈❡r✱ t❤❡ r❡❞✉❝t✐♦♥
♦❢ t❤❡ ❛❧❣❡❜r❛✐❝ λ✲❝❛❧❝✉❧✉s✱ t♦ ❜❡ ❞❡✜♥❡❞ ✐♥ s❡❝t✐♦♥ ✸✱ ✐s ✐♥tr♦❞✉❝❡❞ ❛s ❛ r❡❧❛t✐♦♥ ♦♥ LR/,✿
❛ss♦❝✐❛t✐✈✐t② ❛♥❞ ❝♦♠♠✉t❛t✐✈✐t② ✇✐❧❧ ❜❡ ❞✐ss♦❧✈❡❞ ✐♥ ,✳
❉❡✜♥✐t✐♦♥ ✷✳✾✳ P❡r♠✉t❛t✐✈❡ ❡q✉❛❧✐t② ≡ ⊆ LR × LR ✐s t❤❡ ❧❡❛st ❝♦♥t❡①t✉❛❧ ❡q✉✐✈❛❧❡♥❝❡
r❡❧❛t✐♦♥ s✉❝❤ t❤❛t✱
∑n
i=1Mi ≡
∑n
i=1Mf(i) ❤♦❧❞s✱ ❢♦r ❛❧❧ M1, . . . ,Mn ∈ LR ❛♥❞ ❛❧❧ ♣❡r✲
♠✉t❛t✐♦♥ f ♦❢ {1, . . . , n}✳
❙✐♥❝❡ ❢r❡❡ ✈❛r✐❛❜❧❡s ♦❢ ❛ s✉♠ ❞♦ ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ♦r❞❡r ♦❢ t❤❡ s✉♠♠❛♥❞s✱ ≡ ♣r❡s❡r✈❡s
❢r❡❡ ✈❛r✐❛❜❧❡s✳
❉❡✜♥✐t✐♦♥ ✷✳✶✵✳ ❲❡ ✇r✐t❡ ΛR ❢♦r t❤❡ q✉♦t✐❡♥t s❡t LR/≡✱ ❛♥❞ ✇❡ ❝❛❧❧ ♣❡r♠✉t❛t✐✈❡ t❡r♠s
t❤❡ ❡❧❡♠❡♥ts ♦❢ ΛR✳
Pr♦♣♦s✐t✐♦♥ ✷✳✶✶✳ ❙✉❜st✐t✉t✐♦♥ ✐s ✇❡❧❧ ❞❡✜♥❡❞ ♦♥ ΛR✿ ✐❢ M,M
′ ∈ LR ❛r❡ s✉❝❤ t❤❛t
M ≡ M ′ ❛♥❞✱ ❢♦r ❛❧❧ i ∈ {1, . . . , n}✱ Ni, Ni
′ ∈ LR ❛r❡ s✉❝❤ t❤❛t Ni ≡ N
′
i ✱ t❤❡♥
M [N1, . . . , Nn/x1, . . . , xn] ≡ M
′ [N ′1, . . . , N
′
n/x1, . . . , xn] ❢♦r ❛❧❧ ♣❛✐r✇✐s❡ ❞✐st✐♥❝t ✈❛r✐✲
❛❜❧❡s x1, . . . , xn✳
❊①❝❡♣t ✇❤❡♥ st❛t❡❞ ♦t❤❡r✇✐s❡✱ ✇❡ ✇✐❧❧ ✉s❡ t❤❡ s❛♠❡ ♥♦t❛t✐♦♥ ❢♦r ❛ r❛✇ t❡r♠ M ❛♥❞
✐ts ≡ ❝❧❛ss✱ ❛♥❞ ✉s❡ t❤❡♠ ✐♥t❡r❝❤❛♥❣❡❛❜❧②✳ ❚❤✐s ✐s ❤❛r♠❧❡ss ✐♥ ❣❡♥❡r❛❧✿ t❤❡ ♣r♦♣❡rt✐❡s ✇❡
❝♦♥s✐❞❡r ❛r❡ ❛❧❧ ✐♥✈❛r✐❛♥t ✉♥❞❡r ≡ ❛♥❞ ✇❡ ❞❡✜♥❡ ❢✉♥❝t✐♦♥s ♦♥ ΛR ❜② ✐♥❞✉❝t✐♦♥ ♦♥ r❛✇
t❡r♠s✱ ❝♦♠♣❛t✐❜✐❧✐t② ✇✐t❤ ≡ ❜❡✐♥❣ ♦❜✈✐♦✉s✳
◆♦t✐❝❡ ❛❧r❡❛❞② t❤❛t ❛❧❣❡❜r❛✐❝ ❡q✉❛❧✐t② s✉❜s✉♠❡s ♣❡r♠✉t❛t✐✈❡ ❡q✉❛❧✐t② ♦♥ r❛✇ t❡r♠s✱
s♦ t❤❛t , ✐s ✇❡❧❧ ❞❡✜♥❡❞ ♦♥ ΛR ❛♥❞ (LR/,) = (ΛR/,)✳
▲✳ ❱❛✉① ✽
✷✳✸✳ ❈❛♥♦♥✐❝❛❧ ❋♦r♠s
❲❡ ❝❛♥ ♥♦✇ ❞❡✜♥❡ ❝❛♥♦♥✐❝❛❧ ❢♦r♠s ♦❢ t❡r♠s ❛s ♣❛rt✐❝✉❧❛r ♣❡r♠✉t❛t✐✈❡ t❡r♠s s✉❝❤ t❤❛t
❡✈❡r② ❝❧❛ss ✐♥ ΛR/, ❝♦♥t❛✐♥s ❡①❛❝t❧② ♦♥❡ ❝❛♥♦♥✐❝❛❧ ❡❧❡♠❡♥t✳
❉❡✜♥✐t✐♦♥ ✷✳✶✷✳ ❲❡ ❞❡✜♥❡ t❤❡ s❡t CR ⊂ ΛR ♦❢ ❝❛♥♦♥✐❝❛❧ t❡r♠s ✭❞❡♥♦t❡❞ ❜② ❝❛♣✐t❛❧
❧❡tt❡rs S✱ T ✱ U ✱ V ✱ W ✮ ❛♥❞ t❤❡ s❡t BR ⊂ CR ♦❢ ❜❛s❡ t❡r♠s ✭❞❡♥♦t❡❞ ❜② s♠❛❧❧ ❧❡tt❡rs s✱ t✱
u✱ v✱ w✮ ❜② ♠✉t✉❛❧ ✐♥❞✉❝t✐♦♥ ❛s ❢♦❧❧♦✇s✿
✖ ❛♥② ✈❛r✐❛❜❧❡ x ✐s ❛ ❜❛s❡ t❡r♠❀
✖ ❧❡t x ∈ V ❛♥❞ s ❛ ❜❛s❡ t❡r♠✱ t❤❡♥ λx s ✐s ❛ ❜❛s❡ t❡r♠❀
✖ ❧❡t s ❛ ❜❛s❡ t❡r♠ ❛♥❞ T ❛ ❝❛♥♦♥✐❝❛❧ t❡r♠✱ t❤❡♥ (s)T ✐s ❛ ❜❛s❡ t❡r♠❀
✖ ❧❡t a1, . . . , an ∈ R
• ❛♥❞ s1, . . . , sn ♣❛✐r✇✐s❡ ❞✐st✐♥❝t ❜❛s❡ t❡r♠s✱ t❤❡♥
∑n
i=1 aisi ✐s ❛
❝❛♥♦♥✐❝❛❧ t❡r♠✳
❚❤❡ r❡❛❞❡r s❤♦✉❧❞ ❡❛s✐❧② ❣❡t t❤❡ ✐♥t✉✐t✐♦♥ t❤❛t ❢♦r ❛❧❧ ❝❛♥♦♥✐❝❛❧ t❡r♠s S, T ∈ CR✱ S , T
✐✛ S = T ✭❛ ❢♦r♠❛❧ ♣r♦♦❢ ♦❢ t❤✐s r❡s✉❧t ❢♦❧❧♦✇s✱ ❛s ❛ ❝♦r♦❧❧❛r② ♦❢ ❚❤❡♦r❡♠ ✷✳✶✼✮✳ ▼❛♣♣✐♥❣
s t♦ t❤❡ ✏s✐♥❣❧❡t♦♥✑ 1s ❞❡✜♥❡s ❛♥ ✐♥❥❡❝t✐♦♥ ❢r♦♠ ❜❛s❡ t❡r♠s ✐♥t♦ ❝❛♥♦♥✐❝❛❧ t❡r♠s✳
❉❡✜♥✐t✐♦♥ ✷✳✶✸✳ ❲❡ ❞❡✜♥❡ t❤❡ ❤❡✐❣❤t ♦❢ ❜❛s❡ t❡r♠s ❛♥❞ ❝❛♥♦♥✐❝❛❧ t❡r♠s ❜② ♠✉t✉❛❧
✐♥❞✉❝t✐♦♥✿
✖ h(x) = 1❀
✖ h(λx s) = 1 + h(s)❀
✖ h((s)T ) = 1 +max(h(s),h(T ))❀
✖ h(
∑n
i=1 aisi) = max1≤i≤n(h(si)) ✭✇❤✐❝❤ ✐s ✵ ✐✛ n = 0✮✳
❉❡✜♥✐t✐♦♥ ✷✳✶✹✳ ▲❡t M =
∑n
i=1 aisi ∈ ΛR ❜❡ ❛ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❜❛s❡ t❡r♠s✱
♥♦t ♥❡❝❡ss❛r✐❧② ❝❛♥♦♥✐❝❛❧✳ ❋♦r ❛❧❧ ❜❛s❡ t❡r♠ s✱ ✇❡ ❝❛❧❧ ❝♦❡✣❝✐❡♥t ♦❢ s ✐♥ M t❤❡ s❝❛❧❛r∑
1≤i≤n, si=s
ai ✭t❤❡ s✉♠ ♦❢ t❤♦s❡ ai✬s s✉❝❤ t❤❛t si = s✮✱ ✇❤✐❝❤ ✇❡ ❞❡♥♦t❡ ❜② M(s)✳ ❚❤❡♥
✇❡ ❞❡✜♥❡ cansum (M) ∈ CR ❜②✿
cansum (M) =
p∑
j=1
M(tj)tj
✇❤❡r❡ {t1, . . . , tp} ✐s t❤❡ s❡t ♦❢ t❤♦s❡ si✬s ✇✐t❤ ❛ ♥♦♥✲③❡r♦ ❝♦❡✣❝✐❡♥t ✐♥ M ✳
❲❡ ♥♦✇ ❞❡✜♥❡ ❛ ❢✉♥❝t✐♦♥ ♠❛♣♣✐♥❣ t❡r♠s ✐♥ ΛR t♦ t❤❡✐r ❝❛♥♦♥✐❝❛❧ ❢♦r♠s✳
❉❡✜♥✐t✐♦♥ ✷✳✶✺✳ ❈❛♥♦♥✐③❛t✐♦♥ ♦❢ t❡r♠s can : ΛR −→ CR ✐s ❣✐✈❡♥ ❜②
✖ can (x) = 1x❀
✖ ✐❢ can (M) =
∑n
i=1 aisi t❤❡♥ can (λxM) =
∑n
i=1 ai (λx si)❀
✖ ✐❢ can (M) =
∑n
i=1 aisi ❛♥❞ can (N) = T t❤❡♥ can ((M)N) =
∑n
i=1 ai(si)T ❀
✖ can (0) = 0❀
✖ ✐❢ can (M) =
∑n
i=1 aisi t❤❡♥ can (aM) = cansum (
∑n
i=1(aai)si)❀
✖ ✐❢ can (M) =
∑n
i=1 aisi ❛♥❞ can (N) =
∑n+p
i=n+1 aisi t❤❡♥
can (M +N) = cansum
(
n+p∑
i=1
aisi
)
.
❆❧❣❡❜r❛✐❝ ▲❛♠❜❞❛✲❈❛❧❝✉❧✉s ✾
◆♦t✐❝❡ t❤❛t ✐♥ t❤❡ ♣❡♥✉❧t✐♠❛t❡ ❝❛s❡ ✭❞❡✜♥✐t✐♦♥ ♦❢ can (aM)✮ t❤❡ ♦♥❧② ❡✛❡❝t ♦❢ t❤❡ ❛♣♣❧✐✲
❝❛t✐♦♥ ♦❢ cansum ✐s t♦ ♣r✉♥❡ ❛❧❧ t❤❡ s✉♠♠❛♥❞s (aai)si s✉❝❤ t❤❛t aai = 0✳
▲❡♠♠❛ ✷✳✶✻✳ ❈❛♥♦♥✐③❛t✐♦♥ ❡♥❥♦②s t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✳
✭✐✮ ❱❛r✐❛❜❧❡s ❢r❡❡ ✐♥ can (M) ❛r❡ ❛❧s♦ ❢r❡❡ ✐♥ M ✳ ❚❤❡ ❝♦♥✈❡rs❡ ❞♦❡s ♥♦t ❤♦❧❞ ✐♥ ❣❡♥❡r❛❧✳
✭✐✐✮ ❋♦r ❛❧❧ ❜❛s❡ t❡r♠ s✱ can (s) = 1s✳
✭✐✐✐✮ ❋♦r ❛❧❧ ❝❛♥♦♥✐❝❛❧ t❡r♠ S✱ can (S) = S✳
✭✐✈✮ ❋♦r ❛❧❧ t❡r♠ M ∈ ΛR✱ can (can (M)) = can (M)✳
✭✈✮ ❋♦r ❛❧❧M,N1, . . . , Nn ∈ ΛR ❛♥❞ ❛❧❧ ✈❛r✐❛❜❧❡s x1, . . . , xn ♥♦t ❢r❡❡ ✐♥ ❛♥② ♦❢ t❤❡s❡ t❡r♠s✱
can (M [N1, . . . , Nn/x1, . . . , xn]) = can (can (M) [can (N1) , . . . , can (Nn) /x1, . . . , xn])✳
Pr♦♦❢✳ ❋❛❝t ✭✐✮ ✐s str❛✐❣t❤❢♦r✇❛r❞ ❢r♦♠ t❤❡ ♣r❡✈✐♦✉s ❞❡✜♥✐t✐♦♥✳ ❋❛❝ts ✭✐✐✮ ❛♥❞ ✭✐✐✐✮ ❛r❡
♣r♦✈❡❞ ❜② ♠✉t✉❛❧ ✐♥❞✉❝t✐♦♥ ♦♥ t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ ❜❛s❡ t❡r♠s ❛♥❞ ❝❛♥♦♥✐❝❛❧ t❡r♠s❀ ❢❛❝t
✭✐✈✮ ❢♦❧❧♦✇s ❢r♦♠ ✭✐✐✐✮✳ ❋❛❝t ✭✈✮ ✐s ♣r♦✈❡❞ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ M ✿ ❛❧❧ ✐♥❞✉❝t✐✈❡ st❡♣s ❢♦❧❧♦✇
❞✐r❡❝t❧② ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ ❝❛♥♦♥✐③❛t✐♦♥ ❛♥❞ s✉❜st✐t✉t✐♦♥✳
❚❤❡♦r❡♠ ✷✳✶✼✳ ❆❧❣❡❜r❛✐❝ ❡q✉❛❧✐t② ✐s ❡q✉❛❧✐t② ♦❢ ❝❛♥♦♥✐❝❛❧ ❢♦r♠s✿ ❢♦r ❛❧❧ M,N ∈ ΛR
M , N ✐✛ can (M) = can (N)✳
Pr♦♦❢✳ ❋♦r ❛❧❧ M,N ∈ ΛR✱ ✇❡ ✇r✐t❡ M ,
′ N ✐✛ can (M) = can (N)✳ ■t s❤♦✉❧❞ ❜❡ ❝❧❡❛r
t❤❛t ,′ ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ r❡❧❛t✐♦♥✳ ■t ✐s ❝♦♥t❡①t✉❛❧ ❜❡❝❛✉s❡ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❝❛♥♦♥✐③❛t✐♦♥
✐s ❜② ✐♥❞✉❝t✐♦♥ ♦♥ ♣❡r♠✉t❛t✐✈❡ t❡r♠s✳ ■t ♠♦r❡♦✈❡r ✈❛❧✐❞❛t❡s ❡q✉❛t✐♦♥s ✭✻❛✮ t❤r♦✉❣❤ ✭✽❢✮✿
❥✉st ❛♣♣❧② can t♦ ❜♦t❤ ♠❡♠❜❡rs ♦❢ ❡❛❝❤ ❡q✉❛t✐♦♥ ❛♥❞ ❝♦♥❝❧✉❞❡✳ ❇② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ,✱
✇❡ ❣❡t , ⊆ ,′✳ ❈♦♥✈❡rs❡❧②✱ ♦♥❡ ❝❛♥ ❡❛s✐❧② ❝❤❡❝❦ t❤❛t can (M) , M ❢♦r ❛❧❧ M ∈ ΛR✿
t❤✐s ✐s t❤❡ ✇❤♦❧❡ ♣♦✐♥t ♦❢ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❝❛♥♦♥✐③❛t✐♦♥✳ ❍❡♥❝❡ t❤❡ r❡✈❡rs❡ ✐♥❝❧✉s✐♦♥✿ ✐❢
M ,′ N ✱ t❤❡♥ M , can (M) = can (N) , N ✳
❈♦r♦❧❧❛r② ✷✳✶✽✳ ❋♦r ❛❧❧ S, T ∈ CR✱ S , T ✐✛ S = T ✳
Pr♦♦❢✳ ❚❤✐s ❛ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ♣r❡✈✐♦✉s t❤❡♦r❡♠ ❛♥❞ ❢❛❝t ✭✐✐✐✮ ♦❢ ▲❡♠♠❛ ✷✳✶✻✳
❈♦r♦❧❧❛r② ✷✳✶✾✳ ❙✉❜st✐t✉t✐♦♥ ✐s ✇❡❧❧ ❞❡✜♥❡❞ ♦♥ ΛR/,✿ ✐❢ M,M
′ ∈ ΛR ❛r❡ s✉❝❤ t❤❛t
M , M ′ ❛♥❞✱ ❢♦r ❛❧❧ i ∈ {1, . . . , n}✱ Ni, Ni
′ ∈ ΛR ❛r❡ s✉❝❤ t❤❛t Ni , N
′
i ✱ t❤❡♥
M [N1, . . . , Nn/x1, . . . , xn] , M
′ [N ′1, . . . , N
′
n/x1, . . . , xn] ❢♦r ❛❧❧ ♣❛✐r✇✐s❡ ❞✐st✐♥❝t ✈❛r✐✲
❛❜❧❡s x1, . . . , xn✳
Pr♦♦❢✳ ❋✐rst ❛♣♣❧② ❚❤❡♦r❡♠ ✷✳✶✼ t♦ t❤❡ ❤②♣♦t❤❡s❡s ❛♥❞ ❝♦♥❝❧✉s✐♦♥✿ ✇❡ ♠✉st ♣r♦✈❡
can (M [N1, . . . , Nn/x1, . . . , xn]) = can (M
′ [N ′1, . . . , N
′
n/x1, . . . , xn])
❦♥♦✇✐♥❣ t❤❛t can (M) = can (M ′) ❛♥❞✱ ❢♦r ❛❧❧ i ∈ {1, . . . , n}✱ can (Ni) = can (N
′
i)✳ ❲❡
❝♦♥❝❧✉❞❡ ❜② ❢❛❝t ✭✈✮ ♦❢ ▲❡♠♠❛ ✷✳✶✻✳
❈♦r♦❧❧❛r② ✷✳✷✵✳ ❲❡ ❝❛♥ ❞❡✜♥❡ ❛♥ R✲♠♦❞✉❧❡ str✉❝t✉r❡ ♦♥ CR ❛s ❢♦❧❧♦✇s✿
③❡r♦✿ 0can = 0
s✉♠✿ S ⊕ T = can (S + T )
❡①t❡r♥❛❧ ♣r♦❞✉❝t✿ a⊗ S = can (aS)❀
▲✳ ❱❛✉① ✶✵
s♦ t❤❛t can ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ♦❢ R✲♠♦❞✉❧❡s ❢r♦♠ ΛR/, t♦ CR✳
Pr♦♦❢✳ ❇② ❚❤❡♦r❡♠ ✷✳✶✼✱ can ✐s ✇❡❧❧ ❞❡✜♥❡❞ ♦♥ ΛR/,✱ ❛♥❞ ✐s ✐♥❥❡❝t✐✈❡✳ ■t ✐s s✉r❥❡❝t✐✈❡
❜② ❢❛❝t ✭✐✐✐✮ ♦❢ ▲❡♠♠❛ ✷✳✶✻✳ ❚❤❡ R✲♠♦❞✉❧❡ str✉❝t✉r❡ ♦❢ CR t❤❡♥ ❢♦❧❧♦✇s ❢r♦♠ t❤❛t ♦❢
ΛR/,✳
❇② t❤✐s ✐s♦♠♦r♣❤✐s♠✱ ❛♥❞ , ❜❡✐♥❣ ❝♦♥t❡①t✉❛❧✱ t❤❡ q✉♦t✐❡♥t str✉❝t✉r❡ ♦❢ ❛❧❣❡❜r❛✐❝ t❡r♠s
✐s s✉❜s✉♠❡❞ ❜② t❤❡ ♠✉t✉❛❧❧② ✐♥❞✉❝t✐✈❡ str✉❝t✉r❡ ♦❢ ❜❛s❡ t❡r♠s ❛♥❞ ❝❛♥♦♥✐❝❛❧ t❡r♠s✳ ■❢ C
✐s ❛ s❡t ♦❢ ❝❛♥♦♥✐❝❛❧ t❡r♠s✱ ✇❡ ✇r✐t❡ C = {S; S ∈ C}❀ t❤❡♥ (ΛR/,) = CR✳ ❲❤❡♥ ✇❡ ♣r♦✈❡
♣r♦♣❡rt✐❡s ♦♥ ❛❧❣❡❜r❛✐❝ t❡r♠s✱ ✇❡ ❝❛♥ t❤✉s ✉s❡ ✐♥❞✉❝t✐♦♥ ♦♥ ❜❛s❡ t❡r♠s ❛♥❞ ❝❛♥♦♥✐❝❛❧
t❡r♠s✿ ✇❡ t❤❡♥ ❝❤❡❝❦ t❤❛t t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♣r♦♣❡rt② ♦♥ ❛❧❣❡❜r❛✐❝ t❡r♠s ❢♦❧❧♦✇s t❤r♦✉❣❤
can✱ ✇❤✐❝❤ ✐s ✐♥ ❣❡♥❡r❛❧ ♦❜✈✐♦✉s✳ ❲❡ ✇✐❧❧ ❛❜✉s❡ t❡r♠✐♥♦❧♦❣② ❜② ❝❧❛✐♠✐♥❣ ♦✉r ♣r♦♦❢ ✐s ❜②
✐♥❞✉❝t✐♦♥ ♦♥ ❛❧❣❡❜r❛✐❝ t❡r♠s✳ ❆❧s♦✱ ✇❡ ✇✐❧❧ ♦❢t❡♥ ❞❡✜♥❡ ❢✉♥❝t✐♦♥s ♦♥ ΛR/, ❜② ✐♥❞✉❝t✐♦♥
♦♥ ❜❛s❡ t❡r♠s ❛♥❞ ❝❛♥♦♥✐❝❛❧ t❡r♠s✿ t❤❡ ❛❝t✉❛❧ ❢✉♥❝t✐♦♥ ✐s ♦❜t❛✐♥❡❞ ❜② ❝♦♠♣♦s✐t✐♦♥ ✇✐t❤
can✳ ❋♦r ✐♥st❛♥❝❡✱ ✇❡ ❞❡✜♥❡ t❤❡ ❤❡✐❣❤t ♦❢ ❛❧❣❡❜r❛✐❝ t❡r♠s ❜②✿ h(M) = h(can (M))✳
✷✳✹✳ ❆❜str❛❝t ♣r❡s❡♥t❛t✐♦♥
❖✉r ♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ R✲♠♦❞✉❧❡ ♦❢ t❡r♠s ❞✐✛❡rs ❢r♦♠ t❤❛t ❜② ❊❤r❤❛r❞ ❛♥❞ ❘❡❣♥✐❡r ✐♥
✭❊❘✵✸✮✱ ✐♥ t❤❛t ✇❡ ✐♥tr♦❞✉❝❡ ❡①♣❧✐❝✐t❧② t✇♦ ❞✐♥st✐♥❝t ❧❡✈❡❧s ♦❢ s②♥t❛①✿ ♣❡r♠✉t❛t✐✈❡ t❡r♠s
♦♥ t❤❡ ♦♥❡ ❤❛♥❞ ✭ΛR✮ ❛♥❞ ❛❧❣❡❜r❛✐❝ t❡r♠s ✭ΛR/,✮ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✳
❖♥❡ ❝❛♥ s❡❡ t❤❡ R✲♠♦❞✉❧❡ ♦❢ ❝❛♥♦♥✐❝❛❧ t❡r♠s ❢r♦♠ ❈♦r♦❧❧❛r② ✷✳✷✵ ❛s ❛ ❝♦♥❝r❡t❡ ♣r❡✲
s❡♥t❛t✐♦♥ ♦❢ t❤❡ ♦♥❡ ❛❞♦♣t❡❞ ❜② ❊❤r❤❛r❞ ❛♥❞ ❘❡❣♥✐❡r✿ ❞❡✜♥❡ ❛♥ ✐♥❝r❡❛s✐♥❣ s❡q✉❡♥❝❡
(R 〈∆R(k)〉)k≥0 ♦❢ ❢r❡❡ R✲♠♦❞✉❧❡s ❣❡♥❡r❛t❡❞ ❜② s✐♠♣❧❡ t❡r♠s ♦❢ ❜♦✉♥❞❡❞ ❤❡✐❣❤t✳
❉❡✜♥✐t✐♦♥ ✷✳✷✶✳ ❲❡ ❞❡✜♥❡ t❤❡ s❡t ∆R(k) ♦❢ s✐♠♣❧❡ t❡r♠s ♦❢ ❤❡✐❣❤t ❛t ♠♦st k✱ ❜②
✐♥❞✉❝t✐♦♥ ♦♥ k✿ ❧❡t ∆R(0) = ∅❀ ✇❡ ❞❡✜♥❡ t❤❡ ❡❧❡♠❡♥ts ♦❢ ∆R(k + 1) ❢r♦♠ t❤♦s❡ ♦❢ ∆R(k)
❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❧❛✉s❡s✿
✖ ✐❢ σ ∈ ∆R(k) t❤❡♥ σ ∈ ∆R(k + 1)❀
✖ ✐❢ x ∈ V t❤❡♥ x ∈ ∆R(k + 1)❀
✖ ✐❢ σ ∈ ∆R(k) t❤❡♥ λxσ ∈ ∆R(k + 1)❀
✖ ✐❢ σ ∈ ∆R(k) ❛♥❞ τ ∈ R 〈∆R(k)〉 t❤❡♥ (σ) τ ∈ ∆R(k + 1)✳
❚❤❡♥ ✇❡ ❞❡✜♥❡ t❤❡ s❡t ♦❢ ❛❧❧ s✐♠♣❧❡ t❡r♠s ❛s ∆R =
⋃
k∆R(k) ❛♥❞ t❤❡ s❡t ♦❢ t❡r♠s
R 〈∆R〉 =
⋃
k R 〈∆R(k)〉✳
◆♦t✐❝❡ t❤❛t✱ ❛❧t❤♦✉❣❤ ✐t ✐s ♥♦t ♠❛❞❡ ❝❧❡❛r ✐♥ t❤❡ ♦r✐❣✐♥❛❧ ♣❛♣❡r✱ t✇♦ q✉♦t✐❡♥t ❝♦♥str✉❝✲
t✐♦♥s ❛r❡ ✐♥t❡r❧❡❛✈❡❞ ❛t ❡❛❝❤ ❤❡✐❣❤t✿ α✲❡q✉✐✈❛❧❡♥❝❡ ❛♥❞ t❤❡ ❢r❡❡ R✲♠♦❞✉❧❡ ❝♦♥str✉❝t✐♦♥✳
■♥ ♦✉r ♦♣✐♥✐♦♥✱ t❤✐s ♠❛❦❡s ❢♦r ❛ ✈❡r② ✐♥tr✐❝❛t❡ ♥♦t✐♦♥ ♦❢ ❡q✉❛❧✐t② ♦♥ t❡r♠s✱ s♦ t❤❛t t❤❡
st❛t✉s ♦❢ ♣r♦♠✐♥❡♥t ❛♥❞ ✇❡❧❧✲❡st❛❜❧✐s❤❡❞ ♥♦t✐♦♥s ✐♥ t❤❡ s❡tt✐♥❣ ♦❢ t❤❡ ♦r❞✐♥❛r② λ✲❝❛❧❝✉❧✉s
❜❡❝♦♠❡s ❧❡ss ✐♠♠❡❞✐❛t❡✿ ❢♦r ✐♥st❛♥❝❡✱ ✇❤❛t ✐s ❛ ❢r❡❡ ♦❝❝✉rr❡♥❝❡ ♦❢ ✈❛r✐❛❜❧❡ ✐♥ ❛ t❡r♠✱
❤♦✇ ❞♦ ✇❡ ❞❡✜♥❡ ♣r♦♣❡r❧② α✲❝♦♥✈❡rs✐♦♥ ♦♥ R 〈∆R〉✱ ✇❤❛t ❛r❡ t❤❡ s✉❜t❡r♠s ♦❢ ❛ t❡r♠❄
❖❢ ❝♦✉rs❡✱ t❤❡s❡ q✉❡st✐♦♥s ❝❛♥ ❜❡ ❣✐✈❡♥ s❛t✐s❢❛❝t♦r② ❛♥s✇❡rs✿ ✇❡ ♦♥❧② ❝❧❛✐♠ t❤❛t t❤❡
s✐♠♣❧✐❝✐t② ♦❢ t❤❡ ❞❡✜♥✐t✐♦♥ ✐s ♦♥❧② ❛♣♣❛r❡♥t✳
❆s ❡①♣❡❝t❡❞✱ R 〈∆R〉 ❛♥❞ (ΛR/,) ❛r❡ ❛❝t✉❛❧❧② t❤❡ s❛♠❡ R✲♠♦❞✉❧❡ ♦❢ ❛❧❣❡❜r❛✐❝ t❡r♠s✿
❞❡✜♥❡ BR(k) ✭r❡s♣✳ CR(k)✮ ❛s t❤❡ s❡t ♦❢ ❜❛s❡ t❡r♠s ✭r❡s♣✳ ❝❛♥♦♥✐❝❛❧ t❡r♠s✮ ♦❢ ❤❡✐❣❤t
❆❧❣❡❜r❛✐❝ ▲❛♠❜❞❛✲❈❛❧❝✉❧✉s ✶✶
❛t ♠♦st k❀ t❤❡♥✱ ❝❧❡❛r❧②✱ ∆R(k) ✐s BR(k) ❛♥❞ R 〈∆R(k)〉 ✐s CR(k)✳ ❍❡♥❝❡ ∆R = BR ❛♥❞
R 〈∆R〉 = CR = (ΛR/,)✳ ❚❤✐s ✐s ♦♥❡ ✐♠♣♦rt❛♥t ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤❡ ♣r❡s❡♥t ♣❛♣❡r✿ ❜r✐♥❣
♥❡✇ ❧✐❣❤t ♦♥ t❤❡ str✉❝t✉r❡ ♦❢ R 〈∆R〉✱ ❜② ❞❡❧✐❜❡r❛t❡❧② ✐♥tr♦❞✉❝✐♥❣ α✲❡q✉✐✈❛❧❡♥❝❡ ❛♥❞ ♣❡r✲
♠✉t❛t✐✈❡ ❡q✉❛❧✐t② s❡♣❛r❛t❡❧② ❢r♦♠ ❡q✉❛❧✐t② ♦❢ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥s ✭✐✳❡✳ ❛❧❣❡❜r❛✐❝ ❡q✉❛❧✐t②✮✳
❆❧s♦✱ t❤✐s ♠❛❦❡s ♣r♦♠✐♥❡♥t t❤❡ ❢❛❝t t❤❛t t❤❡ r❡❞✉❝t✐♦♥ ♦❢ t❤❡ ❛❧❣❡❜r❛✐❝ λ✲❝❛❧❝✉❧✉s ✐s ❞❡✲
✜♥❡❞ ✉♣ t♦ , ✭s❡❡ ♥❡①t s❡❝t✐♦♥✮✳
❙♦✱ ❢r♦♠ ♥♦✇ ♦♥✱ ✇❡ ❢♦r♠❛❧❧② ✐❞❡♥t✐❢② ∆R ✇✐t❤ BR ❛♥❞ R 〈∆R〉 ✇✐t❤ CR ❜② r❡♣❧❛❝✐♥❣
❉❡✜♥✐t✐♦♥ ✷✳✷✶ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♥❡✿
❉❡✜♥✐t✐♦♥ ✷✳✷✷✳ ❲❡ ❞❡✜♥❡ s✐♠♣❧❡ t❡r♠s ❛s t❤❡ ,✲❝❧❛ss❡s ♦❢ ❜❛s❡ t❡r♠s✳ ❲❡ ✇r✐t❡ ∆R
❢♦r t❤❡ s❡t ♦❢ s✐♠♣❧❡ t❡r♠s ❛♥❞ R 〈∆R〉 ❢♦r t❤❡ s❡t ♦❢ ❛❧❣❡❜r❛✐❝ t❡r♠s✱ ✇❤✐❝❤ ✇❡ ♠❛② ❥✉st
❝❛❧❧ t❡r♠s✳
❲❤❡♥ ✇❡ ✇r✐t❡ ❛ s✐♠♣❧❡ t❡r♠ ✭r❡s♣✳ ❛ t❡r♠✮ ❛s s✱ t✱ u✱ v ♦r w✱ ✭r❡s♣✳ S✱ T ✱ U ✱ V ♦r W ✮✱
✐t ✐s ✐♠♣❧✐❝✐t t❤❛t s✱ t✱ u✱ v✱ ♦r w ✐s ❛ ❜❛s❡ t❡r♠ ✭r❡s♣✳ S✱ T ✱ U ✱ V ✱ ♦r W ✐s ❛ ❝❛♥♦♥✐❝❛❧
t❡r♠✮✳ ❲❤❡♥ ✇❡ ♠❛❦❡ ♥♦ s✉❝❤ ❛ss✉♠♣t✐♦♥✱ ✇❡ ✇r✐t❡ L✱ M ♦r N ♦r ✉s❡ ❣r❡❡❦ ❧❡tt❡rs σ✱
τ ✱ ρ✳ ❲❡ ✇✐❧❧ ♦❢t❡♥ ✉s❡ t❤❡ ♥♦t❛t✐♦♥s λxσ✱ (σ) τ ✱ aσ✱ σ+ τ ✇✐t❤ t❤❡ ♦❜✈✐♦✉s s❡♥s❡✿ t❤❡s❡
❛r❡ ✇❡❧❧ ❞❡✜♥❡❞ ❜② ❝♦♥t❡①t✉❛❧✐t② ♦❢ ,✳
❉❡✜♥✐t✐♦♥ ✷✳✷✸✳ ❋♦r ❛❧❧ S ∈ R 〈∆R〉 ❛♥❞ s ∈ ∆R✱ ✇❡ ❞❡✜♥❡ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ s ✐♥ S
❜② S(s) = S(s)✳ ❲❡ t❤❡♥ ❞❡✜♥❡ t❤❡ s✉♣♣♦rt ♦❢ S ❛s t❤❡ s❡t ♦❢ ❛❧❧ s✐♠♣❧❡ t❡r♠s ✇✐t❤ ❛
♥♦♥✲③❡r♦ ❝♦❡✣❝✐❡♥t ✐♥ S✿
Supp (S) =
{
s ∈ ∆R; S(s) 6= 0
}
.
■❢ S ✐s ❛ s❡t ♦❢ s✐♠♣❧❡ t❡r♠s✱ ✇❡ ✇r✐t❡ R 〈S〉 ❢♦r t❤❡ s❡t ♦❢ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥s ♦❢ ❡❧❡♠❡♥ts
♦❢ S✱ ✐✳❡✳
R 〈S〉 =

n∑
i=1
aisi; ∀i ∈ {1, . . . , n} , si ∈ S, ai ∈ R

♦r✱ ❡q✉✐✈❛❧❡♥t❧②✱ R 〈S〉 = {σ ∈ R 〈∆R〉 ; Supp (σ) ⊆ S}✳
✸✳ ❘❡❞✉❝t✐♦♥s
■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❞❡✜♥❡ r❡❞✉❝t✐♦♥ ✉s✐♥❣ ✭✸✮ ❛♥❞ ✭✹✮ ❛s ❦❡② r❡❞✉❝t✐♦♥ r✉❧❡s✿ t❤✐s ❝❛♣t✉r❡s
t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ r❡❞✉❝t✐♦♥ ✐♥ ✭❊❘✵✸✮✱ ♠✐♥✉s ❞✐✛❡r❡♥t✐❛t✐♦♥✱ ✐♥ t❤❡ s❡tt✐♥❣ ♦❢ t❤❡ ❛❧❣❡❜r❛✐❝
λ✲❝❛❧❝✉❧✉s✳
✸✳✶✳ ❘❡❞✉❝t✐♦♥ ❛♥❞ ▲✐♥❡❛r ❈♦♠❜✐♥❛t✐♦♥s ♦❢ ❚❡r♠s
❲❡ ❝❛❧❧ r❡❧❛t✐♦♥ ❢r♦♠ s✐♠♣❧❡ t❡r♠s t♦ t❡r♠s ❛♥② s✉❜s❡t ♦❢ ∆R × R 〈∆R〉✱ ❛♥❞ ✇❡ ❝❛❧❧
r❡❧❛t✐♦♥ ❢r♦♠ t❡r♠s t♦ t❡r♠s ❛♥② s✉❜s❡t ♦❢ R 〈∆R〉 × R 〈∆R〉✳ ●✐✈❡♥ ❛ r❡❧❛t✐♦♥ r ❢r♦♠
s✐♠♣❧❡ t❡r♠s t♦ t❡r♠s ✇❡ ❞❡✜♥❡ t✇♦ ♥❡✇ r❡❧❛t✐♦♥s r ❛♥❞ r˜ ❢r♦♠ t❡r♠s t♦ t❡r♠s ❜②✿
✖ σ r σ′ ✐❢ σ =
∑n
i=1 aisi ❛♥❞ σ
′ =
∑n
i=1 aiS
′
i ✇❤❡r❡✱ ❢♦r ❛❧❧ i ∈ {1, . . . , n}✱ si r S
′
i❀
✖ σ r˜ σ′ ✐❢ σ = as+ T ❛♥❞ σ′ = aS′ + T ✇❤❡r❡ a 6= 0 ❛♥❞ s r S′✳
▲✳ ❱❛✉① ✶✷
❈❧❡❛r❧②✱ r˜ ⊆ r✳ ■t ✐s ✐♠♣♦rt❛♥t t❤❛t✱ ✐♥ t❤❡ ❛❜♦✈❡ ❞❡✜♥✐t✐♦♥s ✇❡ ❞♦ ♥♦t r❡q✉✐r❡
∑n
i=1 aisi
♥♦r as+T t♦ ❜❡ ❝❛♥♦♥✐❝❛❧ t❡r♠s✿ r˜ ♠❛t❝❤❡s ❡q✉❛t✐♦♥ ✭✹✮✱ ✇❤✐❧❡ r ♠❛t❝❤❡s ✭✺✮✳ ❲❡ ✇✐❧❧ ✉s❡
t❤❡s❡ ❝♦♥str✉❝t✐♦♥s ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ ♦♥❡✲st❡♣ β✲r❡❞✉❝t✐♦♥→ ❛♥❞ ♣❛r❛❧❧❡❧ r❡❞✉❝t✐♦♥⇒✿
✇❡ ✐♥tr♦❞✉❝❡ t❤❡s❡ ❛s r❡❧❛t✐♦♥s ❢r♦♠ s✐♠♣❧❡ t❡r♠s t♦ t❡r♠s✱ s♦ t❤❛t t❤❡ ❛❝t✉❛❧ r❡❞✉❝t✐♦♥
r❡❧❛t✐♦♥s ♦♥ t❡r♠s ❛r❡ ♦❜t❛✐♥❡❞ ❛s →˜ ❛♥❞ ⇒ r❡s♣❡❝t✐✈❡❧②✳
◆♦t✐❝❡ t❤❛t ✇❡ ❝❛♥♥♦t ❞❡✜♥❡ r❡❞✉❝t✐♦♥ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ t❡r♠s✿ ✐❢ t❤❡r❡ ❛r❡ a, b ∈ R•
s✉❝❤ t❤❛t a+b = 0 t❤❡♥ 0 = aσ+bσ ❢♦r ❛❧❧ σ ∈ R 〈∆R〉❀ ❤❡♥❝❡✱ ❜② r✉❧❡ ✭✹✮✱ 0 ♠❛② r❡❞✉❝❡✳
❋♦❧❧♦✇✐♥❣ ✭❊❘✵✸✮✱ ✇❡ r❛t❤❡r ❞❡✜♥❡ s✐♠♣❧❡ t❡r♠ r❡❞✉❝t✐♦♥ → ❜② ✐♥❞✉❝t✐♦♥ ♦♥ t❤❡ ❞❡♣t❤
♦❢ t❤❡ ✜r❡❞ r❡❞❡①✳
❉❡✜♥✐t✐♦♥ ✸✳✶✳ ❲❡ ❞❡✜♥❡ ❛♥ ✐♥❝r❡❛s✐♥❣ s❡q✉❡♥❝❡ ♦❢ r❡❧❛t✐♦♥s ❢r♦♠ s✐♠♣❧❡ t❡r♠s t♦ t❡r♠s
❜② t❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥ts✳ ▲❡t →0 ❜❡ t❤❡ ❡♠♣t② r❡❧❛t✐♦♥ ∅ ⊆ ∆R × R 〈∆R〉✳ ❆ss✉♠❡
→k ✐s ❞❡✜♥❡❞✳ ❚❤❡♥ ✇❡ s❡t σ →k+1 σ
′ ❛s s♦♦♥ ❛s ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s✿
✖ σ = λx s ❛♥❞ σ = λxS′ ✇✐t❤ s→k S
′❀
✖ σ = (s)T ❛♥❞ σ′ = (S′)T ✇✐t❤ s→k S
′✱ ♦r σ′ = (s)T ′ ✇✐t❤ T →˜k T
′❀
✖ σ = (λx s)T ❛♥❞ σ′ = s [T/x]✳
▲❡t → =
⋃
k∈N→k✳ ❲❡ ❝❛❧❧ ♦♥❡✲st❡♣ r❡❞✉❝t✐♦♥ ♦r s✐♠♣❧② r❡❞✉❝t✐♦♥✱ t❤❡ r❡❧❛t✐♦♥ →˜✳
▲❡♠♠❛ ✸✳✷✳ ❲❡ ❤❛✈❡ →˜ =
⋃
k∈N →˜k✳
Pr♦♦❢✳ ❚❤✐s ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ♠♦r❡ ❣❡♥❡r❛❧ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s ♦❢ ·˜ ✿ ✐❢ (rn) ✐s ❛♥
✐♥❝r❡❛s✐♥❣ s❡q✉❡♥❝❡ ♦❢ r❡❧❛t✐♦♥s ❢r♦♠ s✐♠♣❧❡ t❡r♠s t♦ t❡r♠s✱ t❤❡♥ (r˜n) ✐s ❛❧s♦ ✐♥❝r❡❛s✐♥❣
✭♠♦♥♦t♦♥②✮ ❛♥❞
⋃˜
n rn=
⋃
n r˜n ✭ω✲❝♦♥t✐♥✉✐t②✮✳
▲❡♠♠❛ ✸✳✸✳ ■❢ σ ∈ ∆R ❛♥❞ σ
′ ∈ R 〈∆R〉✱ t❤❡♥ σ → σ
′ ✐✛ ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s✿
✭✐✮ σ = λx τ ❛♥❞ σ = λx τ ′ ✇✐t❤ τ → τ ′❀
✭✐✐✮ σ = (τ) ρ ❛♥❞ σ′ = (τ ′) ρ ✇✐t❤ τ → τ ′✱ ♦r σ′ = (τ) ρ′ ✇✐t❤ ρ →˜ ρ′❀
✭✐✐✐✮ σ = (λx τ) ρ ❛♥❞ σ′ = τ [ρ/x]❀
✇❤❡r❡✱ ✐♥ ❡❛❝❤ ❝❛s❡ τ ∈ ∆R✳
Pr♦♦❢✳ ■❢ ✭✐✮ ♦r t❤❡ ✜rst ❝❛s❡ ♦❢ ✭✐✐✮ ❤♦❧❞s✱ t❤❡♥ ✐t ❤♦❧❞s ❛t s♦♠❡ ❞❡♣t❤ k✱ ❤❡♥❝❡ σ →k+1
σ′✳ ■❢ t❤❡ s❡❝♦♥❞ ❝❛s❡ ♦❢ ✭✐✐✮ ❤♦❧❞s✱ t❤❡♥ ❜② ▲❡♠♠❛ ✸✳✷✱ ✇❡ ❣❡t ρ →˜k ρ
′ ❢♦r s♦♠❡ k✱ ❤❡♥❝❡
σ →k+1 σ
′✳ ■❢ ✭✐✐✐✮ ❤♦❧❞s t❤❡♥ σ →1 σ
′✳ ❈♦♥✈❡rs❡❧②✱ ✐❢ σ → σ′ t❤❡♥ t❤❡r❡ ✐s k s✉❝❤ t❤❛t
σ →k σ
′ ❛♥❞ ♦♥❡ ♦❢ ✭✐✮ ✭✐✐✮ ♦r ✭✐✐✐✮ ❤♦❧❞s ❜② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ →k ✭❛♥❞ ▲❡♠♠❛ ✸✳✷ ✐♥ t❤❡
s❡❝♦♥❞ ❝❛s❡ ♦❢ ✭✐✐✮✮✳
▲❡t →˜∗ ❜❡ t❤❡ r❡✢❡①✐✈❡ ❛♥❞ tr❛♥s✐t✐✈❡ ❝❧♦s✉r❡ ♦❢ →˜✳
▲❡♠♠❛ ✸✳✹✳ ▲❡t σ, σ′, τ ∈ R 〈∆R〉 ✇✐t❤ σ →˜ σ
′✳ ❚❤❡♥ ❢♦r ❛❧❧ τ ∈ R 〈∆R〉 ❛♥❞ ❛❧❧ a ∈ R
✇❡ ❤❛✈❡✿ λxσ →˜ λxσ′✱ (σ) τ →˜ (σ′) τ ✱ (τ)σ →˜∗ (τ)σ′✱ σ + τ →˜ σ′ + τ ❛♥❞ aσ →˜∗ aσ′✳
Pr♦♦❢✳ ❲r✐t❡ σ = S = bu+ V ❛♥❞ σ′ = S′ = bU ′ + V ✇✐t❤ b 6= 0 ❛♥❞ ❛♥❞ u→ U ′✱ ❛♥❞
✇r✐t❡ τ = T =
∑n
i=1 aiti✳ ❚❤❡♥ ❜② ▲❡♠♠❛ ✸✳✸✱ λxu→ λxU
′ ❛♥❞ (u)T → (U ′)T ✱ ❤❡♥❝❡
λxσ = bλx u+ λxV →˜ bλxU ′ + λxV = λxσ′
❆❧❣❡❜r❛✐❝ ▲❛♠❜❞❛✲❈❛❧❝✉❧✉s ✶✸
❛♥❞
(σ) τ = b(u)T + (V )T →˜ b(U ′)T + (V )T = (σ′) τ .
❆❧s♦✱ ❢♦r ❡❛❝❤ i✱ (ti)S → (ti)S
′✿ t❤❡♥ (τ)σ =
∑n
i=1 ai(ti)S r❡❞✉❝❡s t♦ (τ)σ
′ =
∑n
i=1 ai(ti)S
′
✐♥ n →˜✲st❡♣s✳ ❋♦r s✉♠✿ σ + τ = bu+ V + T →˜ bU ′ + V + T = σ′ + τ ✳ ■❢ ab = 0 t❤❡♥
abu = abU ′ = 0✱ ❤❡♥❝❡ aσ = aσ′❀ ♦t❤❡r✇✐s❡ aσ = abu+ aV →˜ abU ′ + aV = aσ′✳
▲❡♠♠❛ ✸✳✺✳ ❚❤❡ r❡❧❛t✐♦♥ →˜∗ ✐s ❝♦♥t❡①t✉❛❧✳
Pr♦♦❢✳ ❚❤✐s ✐s ❛ str❛✐❣❤t❢♦r✇❛r❞ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ▲❡♠♠❛ ✸✳✹ ✉s✐♥❣ r❡✢❡①✐✈✐t② ❛♥❞ tr❛♥✲
s✐t✐✈✐t②✳
✸✳✷✳ ❈♦♥✢✉❡♥❝❡
❲❡ ♣r♦✈❡ t❤❡ ❝♦♥✢✉❡♥❝❡ ♦❢ →˜ ❜② ✉s✉❛❧ ❚❛✐t✕▼❛rt✐♥✲▲ö❢ t❡❝❤♥✐q✉❡✿ ✐♥tr♦❞✉❝❡ ❛ ♣❛r❛❧❧❡❧
❡①t❡♥s✐♦♥ ♦❢ r❡❞✉❝t✐♦♥ ✭✐♥ ✇❤✐❝❤ r❡❞❡①❡s ❝❛♥ ❜❡ ✜r❡❞ s✐♠✉❧t❛♥❡♦✉s❧②✮ ❛♥❞ ♣r♦✈❡ ✐t ❡♥❥♦②s
t❤❡ ❞✐❛♠♦♥❞ ♣r♦♣❡rt② ✭✐✳❡✳ str♦♥❣ ❝♦♥✢✉❡♥❝❡✮✳
✸✳✷✳✶✳ P❛r❛❧❧❡❧ r❡❞✉❝t✐♦♥
❉❡✜♥✐t✐♦♥ ✸✳✻✳ ❲❡ ❞❡✜♥❡ ❛♥ ✐♥❝r❡❛s✐♥❣ s❡q✉❡♥❝❡ ♦❢ r❡❧❛t✐♦♥s ❢r♦♠ s✐♠♣❧❡ t❡r♠s t♦
t❡r♠s ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥ts✳ ▲❡t ⇒0 ❜❡ t❤❡ ✐❞❡♥t✐t② r❡❧❛t✐♦♥ ♦♥ ∆R✱ ❡①t❡♥❞❡❞ ❛s ❛
r❡❧❛t✐♦♥ ❢r♦♠ s✐♠♣❧❡ t❡r♠s t♦ t❡r♠s✳ ❆ss✉♠❡ ⇒k ✐s ❞❡✜♥❡❞✳ ❚❤❡♥ ✇❡ s❡t σ ⇒k+1 σ
′ ❛s
s♦♦♥ ❛s ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s✿
✖ σ = λx s ❛♥❞ σ′ = λxS′ ✇✐t❤ s⇒k S
′❀
✖ σ = (s)T ❛♥❞ σ′ = (S′)T ′ ✇✐t❤ s⇒k S
′ ❛♥❞ T ⇒k T
′❀
✖ σ = (λx s)T ❛♥❞ σ′ = S′ [T ′/x] ✇✐t❤ s⇒k S
′ ❛♥❞ T ⇒k T
′✳
▲❡t ⇒ =
⋃
k∈N⇒k✳ ❲❡ ❝❛❧❧ ♣❛r❛❧❧❡❧ r❡❞✉❝t✐♦♥ t❤❡ r❡❧❛t✐♦♥ ⇒✳
▲❡♠♠❛ ✸✳✼✳ ❲❡ ❤❛✈❡ ⇒ =
⋃
k∈N⇒k✳
Pr♦♦❢✳ ❙✐♠✐❧❛r❧② t♦ ▲❡♠♠❛ ✸✳✷✿ · ✐s ♠♦♥♦t♦♥❡ ❛♥❞ ω✲❝♦♥t✐♥✉♦✉s✳
▲❡♠♠❛ ✸✳✽✳ ■❢ σ ∈ ∆R ❛♥❞ σ
′ ∈ R 〈∆R〉✱ t❤❡♥ σ ⇒ σ
′ ✐✛ ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s✿
✭✐✮ σ = λx τ ❛♥❞ σ = λx τ ′ ✇✐t❤ τ ⇒ τ ′❀
✭✐✐✮ σ = (τ) ρ ❛♥❞ σ′ = (τ ′) ρ′ ✇✐t❤ τ ⇒ τ ′ ❛♥❞ ρ⇒ ρ′❀
✭✐✐✐✮ σ = (λx τ) ρ ❛♥❞ σ′ = τ ′ [ρ′/x] ✇✐t❤ τ ⇒ τ ′ ❛♥❞ ρ⇒ ρ′❀
✇❤❡r❡✱ ✐♥ ❡❛❝❤ ❝❛s❡ τ ∈ ∆R✳
Pr♦♦❢✳ ▲✐❦❡ ✐♥ ▲❡♠♠❛ ✸✳✸✱ t❤✐s ✐s ❥✉st r❡♣❤r❛s✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ⇒✱ ✉s✐♥❣ ▲❡♠♠❛
✸✳✼ ✇❤❡r❡ ⇒ ✐s ✐♥✈♦❧✈❡❞✳
▲❡♠♠❛ ✸✳✾✳ ❘❡❧❛t✐♦♥ ⇒ ✐s ❝♦♥t❡①t✉❛❧✳
Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ✐s ✈❡r② s✐♠✐❧❛r t♦ t❤❛t ♦❢ ▲❡♠♠❛ ✸✳✹✱ ✉s✐♥❣ ▲❡♠♠❛ ✸✳✽ ❛♥❞ t❤❡
❞❡✜♥✐t✐♦♥ ♦❢ ⇒✳
▲❡♠♠❛ ✸✳✶✵✳ (λxσ) τ ⇒ σ′ [τ ′/x] ❛s s♦♦♥ ❛s σ ⇒ σ′ ❛♥❞ τ ⇒ τ ′✳
▲✳ ❱❛✉① ✶✹
Pr♦♦❢✳ ❚❤✐s ✐s ❛ str❛✐❣❤t❢♦r✇❛r❞ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ▲❡♠♠❛s ✸✳✽ ❛♥❞ ✸✳✾✳
▲❡♠♠❛ ✸✳✶✶✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ str✐❝t ✐♥❝❧✉s✐♦♥s ❤♦❧❞✿ →˜ ⊂⇒ ⊂ →˜∗✳
Pr♦♦❢✳ ❚❤❡ ❢❛❝t t❤❛t →˜ ⊆ ⇒ ✐s str❛✐❣❤t❢♦r✇❛r❞ ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥s✳ ❚❤❡ ❢❛❝t t❤❛t
⇒k ⊆ →˜
∗
❛♥❞ ⇒k ⊆ →˜
∗
✐s ❡❛s✐❧② ♣r♦✈❡❞ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ k✱ ❤❡♥❝❡ ⇒ ⊆ →˜∗✳ ■♥❝❧✉s✐♦♥s
❛r❡ str✐❝t✿ ✇r✐t❡ I = λxx✱ t❤❡♥ (I) (I) I ⇒ I ❜✉t (I) (I) I 6→˜ I✱ ❛♥❞ ((I) I) I →˜∗ I ❜✉t
((I) I) I 6⇒ I✳
✸✳✷✳✷✳ ❘❡❞✉❝t✐♦♥s ❛♥❞ ❙✉❜st✐t✉t✐♦♥✳ ❚❤❡ ♠❛✐♥ ♣r♦♣❡rt② ♦❢ ♣❛r❛❧❧❡❧ r❡❞✉❝t✐♦♥ ✐s t❤❡ ❢♦❧✲
❧♦✇✐♥❣ ♦♥❡✱ ✇❤✐❝❤ ❢❛✐❧s ❢♦r ♦♥❡✲st❡♣ r❡❞✉❝t✐♦♥✳
▲❡♠♠❛ ✸✳✶✷✳ ▲❡t x ❜❡ ❛ ✈❛r✐❛❜❧❡ ❛♥❞ σ, τ, σ′, τ ′ ❜❡ t❡r♠s✳ ■❢ σ ⇒ σ′ ❛♥❞ τ ⇒ τ ′ t❤❡♥
σ [τ/x]⇒ σ′ [τ ′/x] .
Pr♦♦❢✳ ❲❡ ♣r♦✈❡ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ k t❤❛t ✐❢ σ ⇒k σ
′ ❛♥❞ τ ⇒ τ ′ t❤❡♥ σ [τ/x]⇒ σ′ [τ ′/x].
■❢ k = 0 t❤❡♥ σ′ = σ❀ t❤❡♥ ❜② ▲❡♠♠❛ ✸✳✾ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✷✳✻✱ ✇❡ ❤❛✈❡ σ [τ/x] ⇒
σ [τ ′/x] = σ′ [τ ′/x]✳ ❙✉♣♣♦s❡ t❤❡ r❡s✉❧t ❤♦❧❞s ❢♦r s♦♠❡ k✱ t❤❡♥ ✇❡ ❡①t❡♥❞ ✐t t♦ k + 1 ❜②
✐♥s♣❡❝t✐♥❣ t❤❡ ♣♦ss✐❜❧❡ ❝❛s❡s ❢♦r r❡❞✉❝t✐♦♥ σ ⇒k+1 σ
′✳ ❲❡ ✜rst ❛❞❞r❡ss t❤❡ ❝❛s❡ ✐♥ ✇❤✐❝❤
σ ✐s s✐♠♣❧❡ ❛♥❞ σ ⇒k+1 σ
′✳ ❚❤❡♥ ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥ts ❛♣♣❧✐❡s ✭✇❡ ✇r✐t❡ τ = T
❛♥❞ τ ′ = T ′✮✿
✖ σ = λy u ✇✐t❤ y 6= x ❛♥❞ y ♥♦t ❢r❡❡ ✐♥ T ✱ ❛♥❞ σ′ = λy U ′ ✇✐t❤ u ⇒k U
′❀ ❤❡♥❝❡✱ ❜②
t❤❡ ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s✱ u [T/x]⇒ U ′ [T ′/x] ❛♥❞ ✇❡ ❣❡t
σ [τ/x] = λy (u [T/x])⇒ λy (U ′ [T ′/x]) = σ′ [τ ′/x]
❜② ▲❡♠♠❛ ✸✳✾❀
✖ σ = (u)V ❛♥❞ σ′ = (U ′)V ′ ✇✐t❤ u ⇒k U
′ ❛♥❞ V ⇒k V
′❀ ❤❡♥❝❡✱ ❜② t❤❡ ✐♥❞✉❝t✐♦♥
❤②♣♦t❤❡s✐s✱ u [T/x]⇒ U ′ [T ′/x] ❛♥❞ V [T/x]⇒ V ′ [T ′/x]✱ ❛♥❞ ✇❡ ❣❡t
σ [τ/x] = (u [T/x])V [T/x]⇒ (U ′ [T ′/x])V ′ [T ′/x] = σ′ [τ ′/x]
❜② ▲❡♠♠❛ ✸✳✾❀
✖ σ = (λy u)V ❛♥❞ σ′ = U ′ [V ′/y] ✇✐t❤ u ⇒k U
′✱ V ⇒k V
′✱ x 6= y ❛♥❞ y ♥♦t ❢r❡❡ ✐♥
T ❀ ❤❡♥❝❡✱ ❜② t❤❡ ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s✱ u [T/x]⇒ U ′ [T ′/x] ❛♥❞ V [T/x]⇒ V ′ [T ′/x]✱
❛♥❞ ✇❡ ❣❡t
σ [τ/x] = (λy u [T/x])V [T/x]⇒ (U ′ [T ′/x]) [V ′ [T ′/x]/y] = σ′ [τ ′/x]
❜② ▲❡♠♠❛ ✸✳✶✵✳
◆♦✇ ❛ss✉♠❡ σ ⇒k+1 σ
′✳ ❇② ❞❡✜♥✐t✐♦♥✱ t❤✐s ❛♠♦✉♥ts t♦ t❤❡ ❢♦❧❧♦✇✐♥❣✿ σ =
∑n
i=1 aisi
❛♥❞ σ =
∑n
i=1 aiS
′
i✱ ✇✐t❤ si ⇒k+1 S
′
i ❢♦r ❛❧❧ i✳ ❲❡ ❤❛✈❡ ❥✉st s❤♦✇♥ t❤❛t ✇❡ t❤❡♥ ❤❛✈❡
si [T/x]⇒ S
′
i [T
′/x] ❢♦r ❛❧❧ i✳ ❲❡ ❝♦♥❝❧✉❞❡ ❜② ▲❡♠♠❛ ✸✳✾✳
❋r♦♠ ▲❡♠♠❛s ✸✳✶✶ ❛♥❞ ✸✳✶✷✱ ✇❡ ❝❛♥ ❞❡r✐✈❡ ❛ ✈❡r② s✐♠✐❧❛r r❡s✉❧t ❢♦r →˜∗✿
❆❧❣❡❜r❛✐❝ ▲❛♠❜❞❛✲❈❛❧❝✉❧✉s ✶✺
❈♦r♦❧❧❛r② ✸✳✶✸✳ ▲❡t x ❜❡ ❛ ✈❛r✐❛❜❧❡ ❛♥❞ σ, τ, σ′, τ ′ ❜❡ t❡r♠s✳ ■❢ σ →˜∗ σ′ ❛♥❞ τ →˜∗ τ ′
t❤❡♥
σ [τ/x] →˜∗ σ′ [τ ′/x] .
✸✳✷✳✸✳ ❈❤✉r❝❤✲❘♦ss❡r✳ ❲❡ ✜♥✐s❤ t❤❡ ♣r♦♦❢ ♦❢ ❝♦♥✢✉❡♥❝❡ ❜② s❤♦✇✐♥❣ t❤❛t t❤❡ ⇒✲r❡❞✉❝ts
♦❢ ❛ ✜①❡❞ t❡r♠ σ ❛❧❧ ⇒✲r❡❞✉❝❡ t♦ ♦♥❡ ♦❢ t❤❡♠ ✭♦❜t❛✐♥❡❞ ❜② ✜r✐♥❣ ❛❧❧ r❡❞❡①❡s ♦❢ σ✱
s✐♠✉❧t❛♥❡♦✉s❧②✮✳
❉❡✜♥✐t✐♦♥ ✸✳✶✹✳ ❲❡ ❞❡✜♥❡ ✐♥❞✉❝t✐✈❡❧② ♦♥ t❡r♠ σ ✐ts ❢✉❧❧ ♣❛r❛❧❧❡❧ r❡❞✉❝t σ↓ ❜②✿
x↓ = x
λx s↓ = λx s↓
(λx s)T
y = (s↓) [T↓ /x]
(s)T
y = (s↓) T↓ ✐❢ s ✐s ❛ ✈❛r✐❛❜❧❡ ♦r ❛♥ ❛♣♣❧✐❝❛t✐♦♥
n∑
i=1
aisi
y =
n∑
i=1
ai si
y .
▲❡♠♠❛ ✸✳✶✺✳ ■❢ σ ❛♥❞ σ′ ❛r❡ s✉❝❤ t❤❛t σ ⇒ σ′✱ t❤❡♥ σ′ ⇒ σ↓✳
Pr♦♦❢✳ ❖♥❡ s✐♠♣❧② ♣r♦✈❡s ❜② ✐♥❞✉❝t✐♦♥ ♦♥ k t❤❛t ✐❢ σ ⇒k σ
′ ♦r σ ⇒k σ
′ t❤❡♥ σ′ ⇒ σ↓✱
✉s✐♥❣ ▲❡♠♠❛ ✸✳✾ ✐♥ ❣❡♥❡r❛❧✱ ❛♥❞ ▲❡♠♠❛ ✸✳✶✵ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ r❡❞❡①✳
❚❤❡♦r❡♠ ✸✳✶✻✳ ❘❡❧❛t✐♦♥⇒ ✐s str♦♥❣❧② ❝♦♥✢✉❡♥t✳ ❍❡♥❝❡✱ r❡❧❛t✐♦♥ →˜ ❡♥❥♦②s t❤❡ ❈❤✉r❝❤✲
❘♦ss❡r ♣r♦♣❡rt②✳
Pr♦♦❢✳ ❙tr♦♥❣ ❝♦♥✢✉❡♥❝❡ ♦❢⇒ ✐s ❛ str❛✐❣❤t❢♦r✇❛r❞ ❝♦r♦❧❧❛r② ♦❢ ▲❡♠♠❛ ✸✳✶✺✳ ■t ✐♠♣❧✐❡s
❝♦♥✢✉❡♥❝❡ ♦❢ →˜ ❜② ▲❡♠♠❛ ✸✳✶✶✳
✸✳✷✳✹✳ ❚r✐✈✐❛✳ ❚❤❡r❡ ✐s ❛ ❝❛s❡ ✐♥ ✇❤✐❝❤ ❝♦♥✢✉❡♥❝❡ ✐s ♠✉❝❤ ❡❛s✐❡r t♦ ❡st❛❜❧✐s❤✿ ✐❢ 1 ❛❞♠✐ts
❛♥ ♦♣♣♦s✐t❡ −1 ∈ R✳ ■♥ t❤✐s ❝❛s❡✱ ❛ss✉♠❡ σ →˜∗ σ′✳ ❙✐♥❝❡ →˜∗ ✐s ❝♦♥t❡①t✉❛❧✱ σ′ = σ′ +
(−1)σ + σ →˜∗ σ′ + (−1)σ′ + σ = σ✳ ❍❡♥❝❡ →˜∗ ✐s s②♠♠❡tr✐❝✱ ✇❤✐❝❤ ♦❜✈✐♦✉s❧② ✐♠♣❧✐❡s
❈❤✉r❝❤✲❘♦ss❡r✳ ❇✉t t❤✐s ❤❛s ❧✐tt❧❡ ♠❡❛♥✐♥❣✿ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✱ ✇❡ s❤♦✇ t❤❛t r❡❞✉❝t✐♦♥
❜❡❝♦♠❡s tr✐✈✐❛❧ ❛s s♦♦♥ ❛s −1 ∈ R✳
✸✳✸✳ ❈♦♥s❡r✈❛t✐✈✐t②
❊✈❡r② ♦r❞✐♥❛r② λ✲t❡r♠ ✐s ❛❧s♦ ❛ r❛✇ t❡r♠ ♦❢ t❤❡ ❛❧❣❡❜r❛✐❝ λ✲❝❛❧❝✉❧✉s✱ ✇❤♦s❡ ,✲❝❧❛ss ✐s
s✐♠♣❧❡✳ ▲❡t Λ ❞❡♥♦t❡ t❤❡ s❡t ♦❢ ❛❧❧ λ✲t❡r♠s ❛♥❞ →Λ ❞❡♥♦t❡ t❤❡ ✉s✉❛❧ β✲r❡❞✉❝t✐♦♥ ♦❢ t❤❡
λ✲❝❛❧❝✉❧✉s✿ ✐t ✐s t❤❡♥ ❝❧❡❛r t❤❛t✱ ❢♦r ❛❧❧ s, s′ ∈ Λ✱ s →Λ s
′ ✐♠♣❧✐❡s s → s′✳ ❉❡♥♦t❡ ❜② ↔
t❤❡ r❡✢❡①✐✈❡✱ s②♠♠❡tr✐❝ ❛♥❞ tr❛♥s✐t✐✈❡ ❝❧♦s✉r❡ ♦❢ →˜ ❛♥❞ ↔Λ t❤❡ ✉s✉❛❧ β✲❡q✉✐✈❛❧❡♥❝❡ ♦❢
t❤❡ λ✲❝❛❧❝✉❧✉s✳
▲❡♠♠❛ ✸✳✶✼✳ ❚❤❡ ❛❧❣❡❜r❛✐❝ λ✲❝❛❧❝✉❧✉s ♣r❡s❡r✈❡s t❤❡ ❡q✉❛❧✐t✐❡s ♦❢ t❤❡ λ✲❝❛❧❝✉❧✉s✱ ✐✳❡✳ ❢♦r
❛❧❧ λ✲t❡r♠s s ❛♥❞ t✱ s↔Λ t ✐♠♣❧✐❡s s↔ t.
▲✳ ❱❛✉① ✶✻
Pr♦♦❢✳ ❚❤✐s ✐s ❛ str❛✐❣❤t❢♦r✇❛r❞ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❝♦♥✢✉❡♥❝❡ ♦❢→Λ ❛♥❞ t❤❡ ❢❛❝t t❤❛t
→Λ ⊂ →˜✳
❖♥❡ ♠❛② ✇♦♥❞❡r ✐❢ t❤❡ r❡✈❡rs❡ ❛❧s♦ ❤♦❧❞s✱ ✐✳❡✳ ✐❢ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss❡s ♦❢ λ✲t❡r♠s ✐♥
t❤❡ ❛❧❣❡❜r❛✐❝ λ✲❝❛❧❝✉❧✉s ❛r❡ t❤❡ s❛♠❡ ❛s ✐♥ t❤❡ ♦r❞✐♥❛r② λ✲❝❛❧❝✉❧✉s✳ ■❢ R ✐s N✱ t❤❡♥ →˜✲
r❡❞✉❝t✐♦♥s ❢r♦♠ λ✲t❡r♠s ❛r❡ ❡①❛❝t❧② →Λ✲r❡❞✉❝t✐♦♥s ✭r❡str✐❝t❡❞ t♦ λ✲t❡r♠s✱ , t❤❡♥ ♦♥❧②
❛♠♦✉♥ts t♦ α✲❝♦♥✈❡rs✐♦♥✮✱ ❛♥❞ t❤❡ r❡s✉❧t ❤♦❧❞s ❜② t❤❡ s❛♠❡ ❛r❣✉♠❡♥t ❛s ✐♥ ▲❡♠♠❛ ✸✳✶✼✳
■♥ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡✱ ❤♦✇❡✈❡r✱ ❛ λ✲t❡r♠ ❞♦❡s ♥♦t ♥❡❝❡ss❛r✐❧② r❡❞✉❝❡ t♦ ❛♥♦t❤❡r λ✲t❡r♠✱
❤❡♥❝❡ t❤❡ ♣r♦♦❢ ✐s ♥♦t ❛s ❡❛s②✳
✸✳✸✳✶✳ ❚❤❡ P♦s✐t✐✈❡ ❈❛s❡✳ ❲❡ ♣r♦✈❡ t❤❛t✱ ❢♦r ❛❧❧ s, s′ ∈ Λ✱ s ↔ s′ ✐♠♣❧✐❡s s ↔Λ s
′
✭❚❤❡♦r❡♠ ✸✳✷✹✮✳
❉❡✜♥✐t✐♦♥ ✸✳✶✽✳ ❲❡ ❞❡✜♥❡ Λ : R 〈∆R〉 −→ P(Λ) ❜② ✐♥❞✉❝t✐♦♥ ♦♥ t❡r♠s✿
Λ (x) = {x}
Λ (λx s) = {λxu; u ∈ Λ (s)}
Λ
(
(s)T
)
= {(u) v; u ∈ Λ (s) ❛♥❞ v ∈ Λ (T )}
Λ
 n∑
i=1
aisi
 = n⋃
i=1
Λ
(
si
)
.
❚❤❡ ❝r✉❝✐❛❧ ♣♦✐♥t ✐♥ t❤❛t ❞❡✜♥✐t✐♦♥ ✐s t❤❛t t❤❡ s✉♠
∑n
i=1 aisi ❜❡✐♥❣ ❝❛♥♦♥✐❝❛❧ ❡♥t❛✐❧s
t❤❛t✱ ❢♦r ❛❧❧ i✱ ai 6= 0✳
Pr♦♣♦s✐t✐♦♥ ✸✳✶✾✳ ■❢ s ∈ Λ✱ t❤❡♥ Λ (s) = {s}✳
▲❡♠♠❛ ✸✳✷✵✳ ■❢ R ✐s ♣♦s✐t✐✈❡ ❛♥❞ t❡r♠s σ ∈ R 〈∆R〉 ❛♥❞ σ
′ ∈ R 〈∆R〉 ❛r❡ s✉❝❤ t❤❛t
σ →˜ σ′✱ t❤❡♥ ❢♦r ❛❧❧ s′ ∈ Λ (σ′)✱ ❡✐t❤❡r s′ ∈ Λ (σ) ♦r t❤❡r❡ ❡①✐sts s ∈ Λ (σ) s✉❝❤ t❤❛t
s→Λ s
′.
Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ✐s ❜② ✐♥❞✉❝t✐♦♥ ♦♥ t❤❡ ❞❡♣t❤ ♦❢ t❤❡ r❡❞✉❝t✐♦♥ σ →˜ σ′✱ ✐✳❡✳ t❤❡ ❧❡❛st
k s✉❝❤ t❤❛t σ →˜k σ
′✳ ❆❧❧ ✐♥❞✉❝t✐♦♥ st❡♣s ❛r❡ str❛✐❣❤t❢♦r✇❛r❞✱ ❡①❝❡♣t ❢♦r t❤❡ ❡①t❡♥s✐♦♥
❢r♦♠ →k t♦ →˜k✿ ❛ss✉♠❡ σ = at+ U ❛♥❞ σ = aT
′ + U ✇✐t❤ a 6= 0 ❛♥❞ t →k T
′✳ ❇②
❞❡✜♥✐t✐♦♥✱ Λ (σ′) = Λ (aT ′ + U) ⊆ Λ (T ′) ∪ Λ (U)✳ ❙✐♥❝❡ R ✐s ♣♦s✐t✐✈❡✱ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢
t ✐♥ can (at+ U) ✐s ♥♦♥✲③❡r♦✿ ❤❡♥❝❡ Λ (σ) = Λ (at+ U) = Λ (t) ∪ Λ (U)✳ ◆♦✇ ❛ss✉♠❡
v′ ∈ Λ (σ′)✿ ❡✐t❤❡r v′ ∈ Λ (U) ⊆ Λ (σ)❀ ♦r v′ ∈ Λ (T ′)✱ ❛♥❞ t❤❡♥✱ ❜② t❤❡ ✐♥❞✉❝t✐♦♥
❤②♣♦t❤❡s✐s✱ ❡✐t❤❡r v′ ∈ Λ (t) ⊆ Λ (σ) ♦r t❤❡r❡ ❡①✐sts v ∈ Λ (t) ⊆ Λ (σ) s✉❝❤ t❤❛t v →Λ v
′✳
❈♦r♦❧❧❛r② ✸✳✷✶✳ ■❢ R ✐s ♣♦s✐t✐✈❡ ❛♥❞ s ∈ Λ ❛♥❞ σ ∈ R 〈∆R〉 ❛r❡ s✉❝❤ t❤❛t s →˜
∗
σ✱ t❤❡♥
❢♦r ❛❧❧ t ∈ Λ (σ)✱ s→∗Λ t✳
▲❡♠♠❛ ✸✳✷✷✳ ■❢ σ ❛♥❞ σ′ ∈ R 〈∆R〉 ❛r❡ s✉❝❤ t❤❛t σ ⇒ σ
′ t❤❡♥ σ↓⇒ σ′
y✳
Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ✐s ❡❛s② ❛♥❞ ✈❡r② ❝❧♦s❡ t♦ t❤❛t ♦❢ ▲❡♠♠❛ ✸✳✶✺✳
❲❡ ❞❡✜♥❡ ✐t❡r❛t❡❞ ❢✉❧❧ r❡❞✉❝t✐♦♥ ❜② σ↓0 = σ ❛♥❞ σ↓n+1 = (σ↓n)
y✳
❆❧❣❡❜r❛✐❝ ▲❛♠❜❞❛✲❈❛❧❝✉❧✉s ✶✼
▲❡♠♠❛ ✸✳✷✸✳ ■❢ σ ⇒
n
τ t❤❡♥ τ →˜∗ σ↓n✳
Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ✐s ❜② ✐♥❞✉❝t✐♦♥ ♦♥ n✳ ■❢ n = 0✱ σ = τ = σ↓0 ❛♥❞ t❤✐s ✐s r❡✢❡①✐✈✐t②
♦❢ →˜∗✳ ❆ss✉♠❡ t❤❡ r❡s✉❧t ❤♦❧❞s ❛t r❛♥❦ n✳ ■❢ σ ⇒
n
τ ⇒ τ ′✱ t❤❡♥✱ ❜② t❤❡ ✐♥❞✉❝t✐♦♥
❤②♣♦t❤❡s✐s✱ τ →˜∗ σ↓n✳ ❙✐♥❝❡ →˜∗ ✐s ❛❧s♦ t❤❡ tr❛♥s✐t✐✈❡ ❝❧♦s✉r❡ ♦❢ ⇒✱ ▲❡♠♠❛ ✸✳✷✷ ❡♥t❛✐❧s
τ↓ →˜∗ σ↓n+1✳ ❇② ▲❡♠♠❛ ✸✳✶✺✱ ✇❡ ❤❛✈❡ τ ′ ⇒ τ↓✱ ❤❡♥❝❡ τ ′ →˜∗ σ↓n+1✳
❚❤❡♦r❡♠ ✸✳✷✹✳ ■❢ R ✐s ♣♦s✐t✐✈❡ ❛♥❞ s, t ∈ Λ ❛r❡ s✉❝❤ t❤❛t s↔ t t❤❡♥ s↔Λ t✳
Pr♦♦❢✳ ❆ss✉♠❡ s, t ∈ Λ ❛♥❞ s ↔ t✳ ❇② t❤❡ ❈❤✉r❝❤✲❘♦ss❡r ♣r♦♣❡rt② ♦❢ →˜ ✭❚❤❡♦r❡♠
✸✳✶✻✮✱ t❤❡r❡ ❡①✐sts σ ∈ R 〈∆R〉 s✉❝❤ t❤❛t s →˜
∗
σ ❛♥❞ t →˜∗ σ✳ ❇② ▲❡♠♠❛ ✸✳✷✸✱ t❤❡r❡
❡①✐sts s♦♠❡ n ∈ N s✉❝❤ t❤❛t σ →˜∗ τ = s↓n✳ ◆♦t✐❝❡ t❤❛t ❢♦r ❛❧❧ w ∈ Λ✱ w↓ ∈ Λ❀ ❤❡♥❝❡
τ ∈ Λ ❛♥❞ ✇❡ ✇r✐t❡ τ = v ✇✐t❤ v ∈ Λ✳ ❲❡ ❤❛✈❡ s →˜∗ v ❛♥❞ t →˜∗ v✿ ❜② ♣♦s✐t✐✈✐t② ♦❢ R
❛♥❞ ❈♦r♦❧❧❛r② ✸✳✷✶✱ ✇❡ ♦❜t❛✐♥ t❤❛t✱ ❢♦r ❛❧❧ v′ ∈ Λ (v)✱ t❤❡r❡ ❛r❡ s′ ∈ Λ (s) ❛♥❞ t′ ∈ Λ (t)
s✉❝❤ t❤❛t s′ →∗Λ v
′ ❛♥❞ t′ →∗Λ v
′✳ ❇② Pr♦♣♦s✐t✐♦♥ ✸✳✶✾✱ Λ (s) = {s}✱ Λ (t) = {t} ❛♥❞
Λ (v) = {v}✱ ❤❡♥❝❡ t❤❡ ❝♦♥❝❧✉s✐♦♥✳
✸✳✸✳✷✳ ❈♦❧❧❛♣s❡✳ ■❢ R ✐s ♥♦t ♣♦s✐t✐✈❡✱ ✇❡ s❤♦✇ t❤❛t r❡❞✉❝t✐♦♥❛❧ ❡q✉❛❧✐t② ❝♦❧❧❛♣s❡s✿ ↔
✐❞❡♥t✐✜❡s t❡r♠s ✇❤✐❝❤ ❜❡❛r ❛❜s♦❧✉t❡❧② ♥♦ r❡❧❛t✐♦♥s❤✐♣ ✇✐t❤ ❡❛❝❤ ♦t❤❡r✳
▲❡♠♠❛ ✸✳✷✺✳ ❆ss✉♠❡✱ t❤❡r❡ ❛r❡ a, b ∈ R• s✉❝❤ t❤❛t a + b = 0✱ t❤❡♥ ❢♦r ❛❧❧ t❡r♠ σ✱
0 →˜∗ aσ →˜∗ 0✳
Pr♦♦❢✳ ❚❛❦❡ Θ ❛ ✜①❡❞ ♣♦✐♥t ❝♦♠❜✐♥❛t♦r ♦❢ t❤❡ λ✲❝❛❧❝✉❧✉s✱ s✉❝❤ t❤❛t (Θ) s→∗Λ (s) (Θ) s
❢♦r ❛❧❧ λ✲t❡r♠ s✳ ❲r✐t❡ ∞σ ❢♦r (Θ)λx (σ + x)❀ t❤❡♥ ∞σ →˜
∗
σ +∞σ✳ ❲❡ ❣❡t✿
0 = a∞σ + b∞σ →˜
∗
aσ + a∞σ + b∞σ = aσ
❛♥❞
aσ = aσ + a∞σ + b∞σ →˜
∗
aσ + a∞σ + bσ + b∞σ = 0.
❈♦r♦❧❧❛r② ✸✳✷✻✳ ■❢ R ✐s s✉❝❤ t❤❛t 1 ❤❛s ❛♥ ♦♣♣♦s✐t❡✱ ✐✳❡✳ −1 ∈ R ✇✐t❤ 1+(−1) = 0✱ t❤❡♥
❢♦r ❛❧❧ t❡r♠s σ ❛♥❞ τ ✱ σ →˜∗ τ ✳
✹✳ ❙✐♠♣❧❡ ❚②♣❡ ❙②st❡♠
❘❛✇ t❡r♠s ♠❛② ❜❡ ❣✐✈❡♥ ✐♠♣❧✐❝❛t✐✈❡ ♣r♦♣♦s✐t✐♦♥❛❧ t②♣❡s ✐♥ ❛ ♥❛t✉r❛❧ ✇❛②✳ ❆ss✉♠❡ ✇❡
❤❛✈❡ ❛ ❞❡♥✉♠❡r❛❜❧❡ s❡t ♦❢ ❜❛s✐❝ t②♣❡s φ, ψ, . . . ❀ ✇❡ ❜✉✐❧❞ t②♣❡s ❢r♦♠ ❜❛s✐❝ t②♣❡s ✉s✐♥❣
✐♥t✉✐t✐♦♥✐st✐❝ ❛rr♦✇✿ ✐❢ A ❛♥❞ B ❛r❡ t②♣❡s✱ t❤❡♥ s♦ ✐s A → B✳ ❚②♣✐♥❣ r✉❧❡s ❛r❡ ❣✐✈❡♥ ✐♥
❋✐❣✉r❡ ✶✳ ◆♦t✐❝❡ t❤❛t s❝❛❧❛r ❝♦❡✣❝✐❡♥ts ❤❛✈❡ ♥♦ ✐♥✢✉❡♥❝❡ ♦♥ t②♣✐♥❣✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡
♠❛❦❡ ♥♦ ❛ss✉♠♣t✐♦♥ ♦♥ t❤❡ ❛❝t✉❛❧ str✉❝t✉r❡ ♦❢ R✳
Pr♦♣♦s✐t✐♦♥ ✹✳✶✳ ❚②♣✐♥❣ ✐♥ t❤❡ ❛❧❣❡❜r❛✐❝ λ✲❝❛❧❝✉❧✉s ❡♥❥♦②s t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✿
✭✐✮ ■❢ Γ ⊢M : A t❤❡♥ ❢r❡❡ ✈❛r✐❛❜❧❡s ♦❢ M ❛r❡ ❞❡❝❧❛r❡❞ ✐♥ Γ✳
✭✐✐✮ ■❢ Γ ⊢ M : A t❤❡♥✱ ❢♦r ❛❧❧ Γ′ ✇❤♦s❡ ❞♦♠❛✐♥ ✐s ❞✐s❥♦✐♥t ❢r♦♠ t❤❛t ♦❢ Γ✱ ✇❡ ❤❛✈❡
Γ,Γ′ ⊢M : A✳
▲✳ ❱❛✉① ✶✽
✭❆①✮
Γ, x : A ⊢ x : A
Γ, x : A ⊢M : B
✭❆❜s✮
Γ ⊢ λxM : A→ B
Γ ⊢M : A→ B Γ ⊢ N : A ✭❆♣♣✮
Γ ⊢ (M)N : B
✭❩❡r♦✮
Γ ⊢ 0 : A
Γ ⊢M : A ✭❙❝❛❧✮
Γ ⊢ aM : A
Γ ⊢M : A Γ ⊢ N : A ✭❆❞❞✮
Γ ⊢M +N : A
❋✐❣✉r❡ ✶✳ ❚②♣✐♥❣ r✉❧❡s ❢♦r t❤❡ ❛❧❣❡❜r❛✐❝ λ✲❝❛❧❝✉❧✉s✳
✭✐✐✐✮ ■❢ M ≡M ′ t❤❡♥ Γ ⊢M : A ✐✛ Γ ⊢M ′ : A✳
✭✐✈✮ ❋♦r ❛❧❧ ❝❛♥♦♥✐❝❛❧ t❡r♠ S✱ Γ ⊢ S : A ✐❢ ❛♥❞ ♦♥❧② ✐❢✱ ❢♦r ❛❧❧ u ∈ Λ (S)✱ Γ ⊢ u : A✳
✭✈✮ ❋♦r ❛❧❧ r❛✇ t❡r♠ M ✱ ✐❢ Γ ⊢M : A t❤❡♥ Γ ⊢ can (M) : A✳
❚❤❡ ❝♦♥✈❡rs❡ ♦❢ t❤❛t ❧❛st ♣r♦♣♦s✐t✐♦♥ ❞♦❡s ♥♦t ❤♦❧❞✿ ❢♦r ✐♥st❛♥❝❡✱ ❢♦r ❛❧❧ r❛✇ t❡r♠ M ✱
can (0M) = 0 ❝❛♥ ❜❡ ❣✐✈❡♥ ❛♥② t②♣❡ ✐♥ ❛♥② ❝♦♥t❡①t ✇❤❡r❡❛s 0M s❛t✐s✜❡s t❤❡ s❛♠❡ t②♣✐♥❣
❥✉❞❣❡♠❡♥ts ❛s M ✳ ❍❡♥❝❡ s✉❝❤ ❛ str❛✐❣❤t❢♦r✇❛r❞ ♥♦t✐♦♥ ♦❢ t②♣✐♥❣ ✐s ♥♦t ❝♦♠♣❛t✐❜❧❡ ✇✐t❤
❛❧❣❡❜r❛✐❝ ❡q✉❛❧✐t② ,✳
❉❡✜♥✐t✐♦♥ ✹✳✷✳ ❚❤❡ t❡r♠ σ ✐s ✇❡❛❦❧② t②♣❛❜❧❡ ♦❢ t②♣❡ A ✐♥ ❝♦♥t❡①t Γ ✐❢ Γ ⊢ can (σ) : A
✐s ❞❡r✐✈❛❜❧❡✳ ❲❡ ✇r✐t❡ Γ ⊢R σ : A ❢♦r Γ ⊢ can (σ) : A✳
Pr♦♣♦s✐t✐♦♥ ✹✳✸✳ ❋♦r ❛❧❧ σ ∈ R 〈∆R〉✱ Γ ⊢R σ : A ✐✛ Γ ⊢R s : A✱ ❢♦r ❛❧❧ s ∈ Supp (σ)✳
◆♦✇ ✇❡ s❤♦✇ t❤❛t s✉❜❥❡❝t r❡❞✉❝t✐♦♥ ❤♦❧❞s ❢♦r ✇❡❛❦ t②♣✐♥❣✱ ❛s s♦♦♥ ❛s R ✐s ♣♦s✐t✐✈❡
✭▲❡♠♠❛ ✹✳✻✮✳
▲❡♠♠❛ ✹✳✹✳ ▲❡t σ, τ ∈ ΛR✳ ■❢ Γ, x : A ⊢R σ : B ❛♥❞ Γ ⊢R τ : A t❤❡♥ Γ ⊢R σ [τ/x] : B✳
Pr♦♦❢✳ ❖♥❡ ♣r♦✈❡s ❜② ✐♥❞✉❝t✐♦♥ ♦♥ t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ Γ, x : A ⊢M : B t❤❛t ✐❢ ♠♦r❡♦✈❡r
Γ ⊢ N : A t❤❡♥ Γ ⊢ M [N/x] : B✳ ❚❤❡ r❡s✉❧t ❢♦❧❧♦✇s ❜② t❛❦✐♥❣ M = can (σ) ❛♥❞
N = can (τ)✱ ✉s✐♥❣ ❢❛❝t ✭✈✮ ♦❢ ▲❡♠♠❛ ✷✳✶✻✳
▲❡♠♠❛ ✹✳✺✳ ❋♦r ❛❧❧ σ, τ ∈ R 〈∆R〉 ❛♥❞ ❛❧❧ a ∈ R✱ Supp (σ + τ) ⊆ Supp (σ) ∪ Supp (τ)
❛♥❞ Supp (aσ) ⊆ Supp (σ)✳ ■❢ R ✐s ♣♦s✐t✐✈❡✱ ✇❡ ♠♦r❡♦✈❡r ❤❛✈❡✿ Supp (σ + τ) = Supp (σ) ∪
Supp (τ)✳
Pr♦♦❢✳ ❋♦r ❛❧❧ s ∈ ∆R✱ ✇❡ ❤❛✈❡ (σ + τ)(s) = σ(s) + τ(s) ❛♥❞ (aσ)(s) = aσ(s)✳ ❇② t❤❡
❞❡✜♥✐t✐♦♥ ♦❢ Supp (σ + τ) ❛♥❞ Supp (aσ)✱ ✇❡ ❣❡t t❤❡ ❛❜♦✈❡ ✐♥❝❧✉s✐♦♥s✳ ■❢ R ✐s ♣♦s✐t✐✈❡✱
(σ + τ)(s) 6= 0 ❛s s♦♦♥ ❛s σ(s) 6= 0 ♦r τ(s) 6= 0✱ ❤❡♥❝❡ Supp (σ + τ) = Supp (σ) ∪ Supp (τ)✳
◆♦t✐❝❡ t❤❛t ✇❡ ❞♦ ♥♦t ♥❡❝❡ss❛r✐❧② ❤❛✈❡ Supp (aσ) = Supp (σ) ✇❤❡♥ a 6= 0 ❛♥❞ R ✐s ♣♦s✐t✐✈❡✿
s❡❡ ▲❡♠♠❛ ✺✳✸ ❢♦r ❛ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥✳
▲❡♠♠❛ ✹✳✻✳ ❆ss✉♠❡ R ✐s ♣♦s✐t✐✈❡✳ ■❢ σ →˜ σ′ ❛♥❞ Γ ⊢R σ : A t❤❡♥ Γ ⊢R σ
′ : A✳
Pr♦♦❢✳ ❲❡ ♣r♦✈❡ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ ❜❛s❡ t❡r♠s ❛♥❞ ❝❛♥♦♥✐❝❛❧ t❡r♠s t❤❛t ✐❢ ❡✐t❤❡r Γ ⊢ s : A
❛♥❞ s → σ′✱ ♦r Γ ⊢ S : A ❛♥❞ S →˜ σ′✱ t❤❡♥ Γ ⊢ σ′ : A✳ ❋♦r ❜❛s❡ t❡r♠s✱ ✇❡ ❝❤❡❝❦ t❤❛t
❛❧❧ ♣♦ss✐❜❧❡ ❝❛s❡s ❢♦r r❡❞✉❝t✐♦♥ s→ σ′ ♣r❡s❡r✈❡ ✇❡❛❦ t②♣✐♥❣✱ ✇❤✐❝❤ ✐s str❛✐❣❤t❢♦r✇❛r❞ ❜②
❆❧❣❡❜r❛✐❝ ▲❛♠❜❞❛✲❈❛❧❝✉❧✉s ✶✾
✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s❡s ✭✉s✐♥❣ ▲❡♠♠❛ ✹✳✹ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ r❡❞❡①✮✳ ◆♦✇ ❛ss✉♠❡ Γ ⊢ S : A
❛♥❞ ✇r✐t❡ S = at+ U ❛♥❞ σ′ = aT ′ + U ✱ ✇✐t❤ a 6= 0 ❛♥❞ t → T ′✳ ❇② ▲❡♠♠❛ ✹✳✺✱
Supp (S) = {t}∪Supp (U) ✭t❤✐s ✐s ✇❤❡r❡ ✇❡ ✉s❡ t❤❡ ♣♦s✐t✐✈✐t② ❝♦♥❞✐t✐♦♥✮✳ ❇② Pr♦♣♦s✐t✐♦♥
✹✳✸✱ Γ ⊢ t : A ❛♥❞ Γ ⊢ U : A✳ ❇② t❤❡ ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s ♦♥ ❜❛s❡ t❡r♠ t✱ ✇❡ ❣❡t
Γ ⊢ T ′ : A✳ ❇② ▲❡♠♠❛ ✹✳✺ ❛❣❛✐♥✱ Supp (σ′) ⊆ Supp (T ′)∪Supp (U)✱ ❛♥❞ ✇❡ ❣❡t Γ ⊢R σ
′ : A
❜② Pr♦♣♦s✐t✐♦♥ ✹✳✸✳
✺✳ ❖♥ ◆♦r♠❛❧✐③❛t✐♦♥ Pr♦♣❡rt✐❡s
❯♥s✉r♣r✐s✐♥❣❧②✱ ✐❢ R ✐s ♥♦t ♣♦s✐t✐✈❡✱ t❤❡r❡ ✐s ♥♦ ♥♦r♠❛❧ t❡r♠✿ ❛ss✉♠❡ t❤❡r❡ ❛r❡ a, b ∈ R•
s✉❝❤ t❤❛t a + b = 0 ❛♥❞ ❧❡t σ ∈ ∆R ❛♥❞ σ
′ ∈ R 〈∆R〉 ❜❡ s✉❝❤ t❤❛t σ → σ
′❀ t❤❡♥ ❢♦r ❛❧❧
τ ∈ R 〈∆R〉✱ τ = aσ + bσ + τ ❛♥❞ t❤❡♥ τ →˜ aσ
′ + bσ + τ ✳ ❍❡♥❝❡ ❡✈❡r② t❡r♠ τ r❡❞✉❝❡s✳
▼♦r❡♦✈❡r✱ ❡✈❡♥ ✐❢ R ✐s ♣♦s✐t✐✈❡✱ ✐t ♠❛② ❜❡ t❤❡ ❝❛s❡ t❤❛t t❤❡ ♦♥❧② ♥♦r♠❛❧✐③❛❜❧❡ t❡r♠s ❛r❡
♥♦r♠❛❧ t❡r♠s✳ ■♥❞❡❡❞✱ ❛ss✉♠❡ R ✐s t❤❡ s❡t Q+ ♦❢ ♥♦♥✲♥❡❣❛t✐✈❡ r❛t✐♦♥❛❧ ♥✉♠❜❡rs ✭✇❤✐❝❤
✐s ❛ ♣♦s✐t✐✈❡ r✐❣✮✱ ❛♥❞ σ → σ′❀ t❤❡♥ t❤❡r❡ ✐s ❛♥ ✐♥✜♥✐t❡ s❡q✉❡♥❝❡ ♦❢ r❡❞✉❝t✐♦♥s ❢r♦♠ σ✿
σ =
1
2
σ +
1
2
σ →˜
1
2
σ +
1
2
σ′ →˜
1
4
σ +
3
4
σ′ →˜ · · · →˜
1
2n
σ +
2n − 1
2n
σ′ →˜ · · ·
■♥ ♦r❞❡r t♦ ❡st❛❜❧✐s❤ t❤❡ str♦♥❣ ♥♦r♠❛❧✐③❛t✐♦♥ ♦❢ t②♣❡❞ t❡r♠s✱ ✇❡ ✇✐❧❧ t❤❡r❡❢♦r❡ ❛ss✉♠❡
t❤❛t R ✐s ✜♥✐t❡❧② s♣❧✐tt✐♥❣ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡♥s❡✿ ❢♦r ❛❧❧ a ∈ R✱
{(a1, . . . , an) ∈ (R
•)
n
; n ∈ N ❛♥❞ a = a1 + · · ·+ an}
✐s ✜♥✐t❡✳ ❲❡ ❝❛♥ t❤❡♥ ❞❡✜♥❡ t❤❡ ✇✐❞t❤ ❢✉♥❝t✐♦♥
w (a) = max {n ∈ N; ∃(a1, . . . , an) ∈ (R
•)
n
s✳t✳ a = a1 + · · ·+ an} .
❚❤❡ ✇✐❞t❤ ❢✉♥❝t✐♦♥ r❡❧❛t❡s t❤❡ ❛❞❞✐t✐✈❡ str✉❝t✉r❡ ♦❢ R ✇✐t❤ t❤❛t ♦❢ N ❛s s❤♦✇♥ ❜② t❤❡
❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✿
▲❡♠♠❛ ✺✳✶✳ ■❢ R ✐s ✜♥✐t❡❧② s♣❧✐tt✐♥❣✱ t❤❡♥ ✐t ✐s ♣♦s✐t✐✈❡✳ ▼♦r❡♦✈❡r✱ ❢♦r ❛❧❧ a, b ∈ R✱
w (a) = 0 ✐✛ a = 0 ❛♥❞ w (a+ b) ≥ w (a) + w (b)✳
Pr♦♦❢✳ ❆ss✉♠❡ R ✐s ✜♥✐t❡❧② s♣❧✐tt✐♥❣✳ ❙✐♥❝❡ 0 ✐s ♥❡✉tr❛❧ ❢♦r ❛❞❞✐t✐♦♥ ✐♥ R✱ t❤❡ ❡♠♣t②
s❡q✉❡♥❝❡ ✐s t❤❡ ♦♥❧② ❡❧❡♠❡♥t ♦❢ {(a1, . . . , an) ∈ (R
•)
n
; n ∈ N ❛♥❞ a1 + · · ·+ an = 0}✳
❍❡♥❝❡ w (0) = 0 ❛♥❞ R ✐s ♣♦s✐t✐✈❡✳ ■❢ a 6= 0 t❤❡♥ w (a) >= 1✳ ❍❡♥❝❡ w (a) = 0 ✐♠✲
♣❧✐❡s a = 0✳ ◆♦✇ ❧❡t a, b ∈ R✳ ❲❡ ❝❛♥ ✇r✐t❡ a = a1 + · · ·+ aw(a) ❛♥❞ b = b1 + · · ·+ bw(b)✱
✇❤❡r❡ t❤❡ ai✬s ❛♥❞ t❤❡ bj ✬s ❛r❡ ♥♦♥ ③❡r♦✳ ❚❤❡♥ a+ b = a1 + · · ·+ aw(a) + b1 + · · ·+ bw(b)
❤❡♥❝❡ w (a+ b) ≥ w (a) + w (b)✳
❖♥❡ ❡ss❡♥t✐❛❧ ♣♦✐♥t ♦❢ t❤✐s s❡❝t✐♦♥ ✐s t♦ s❤♦✇ t❤❛t t❤❡ ✜♥✐t❡ s♣❧✐tt✐♥❣ ❝♦♥❞✐t✐♦♥ ❡✣❝✐❡♥t❧②
♣r❡✈❡♥ts t❤♦s❡ tr✐❝❦② s✐t✉❛t✐♦♥s ✇❡ ❤❛✈❡ ❥✉st ❡✈✐❞❡♥❝❡❞ ✐♥ Q+✳ ❲❡ ❛r❡ ❧❡❞ t♦ ♣r♦✈❡ t❤❛t
str♦♥❣❧② ♥♦r♠❛❧✐③✐♥❣ t❡r♠s ❛r❡ ❡①❛❝t❧② t❤❡ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥s ♦❢ str♦♥❣❧② ♥♦r♠❛❧✐③✐♥❣
s✐♠♣❧❡ t❡r♠s✳
❚❤❡ ✜♥✐t❡ s♣❧✐tt✐♥❣ ♣r♦♣❡rt② ✐s ❛❝t✉❛❧❧② ♥♦t s✉✣❝✐❡♥t ❢♦r t❤❛t ♣✉r♣♦s❡✳ ❚❛❦❡✱ ❢♦r ✐♥✲
st❛♥❝❡✱ R = N ×N✱ ✇✐t❤ ♦♣❡r❛t✐♦♥s ❞❡✜♥❡❞ ♣♦✐♥t✇✐s❡✿ (p, q) + (p′, q′) = (p + p′, q + q′)
❛♥❞ (p, q)(p′, q′) = (pp′, qq′)✳ ■t ✐s ❡❛s✐❧② ❝❤❡❝❦❡❞ t❤❛t t❤✐s ❞❡✜♥❡s ❛ ✜♥✐t❡❧② s♣❧✐tt✐♥❣ r✐❣✱
✇✐t❤ w (p, q) = p + q✳ ◆♦✇ ✇r✐t❡ a = (1, 0) ❛♥❞ b = (0, 1)✿ ✇❡ ❤❛✈❡ w (a) = w (b) = 1✱
▲✳ ❱❛✉① ✷✵
a + b = (1, 1) = 1R ❛♥❞ ab = (0, 0) = 0R✳ ❚❤❡♥✱ ✐❢ ✇❡ ✇r✐t❡ δ = λx (x)x✱ ✇❡ ♥♦t✐❝❡ t❤❛t
t❤❡ ♦♥❧② →˜✲r❡❞✉❝t ♦❢ t❡r♠ a(δ) bδ ✐s 0✱ ✇❤✐❝❤ ✐s ♥♦r♠❛❧✱ ✇❤❡r❡❛s t❤❡ s✐♠♣❧❡ t❡r♠ (δ) bδ
❤❛s ♥♦ ♥♦r♠❛❧ ❢♦r♠✳
❲❡ ✇✐❧❧ t❤❡r❡❢♦r❡ r❡q✉✐r❡ R t♦ ❜❡ ✜♥✐t❡❧② s♣❧✐tt✐♥❣ ❛♥❞ t♦ s❛t✐s❢② t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥t❡❣r❛❧
❞♦♠❛✐♥ ♣r♦♣❡rt②✿ ❢♦r ❛❧❧ a, b ∈ R✱ ✐❢ ab = 0 t❤❡♥ ❡✐t❤❡r a = 0 ♦r b = 0✳ ■♥ t❤❛t ❝❛s❡✱ ✇❡
♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦✉r ❧❡♠♠❛s✳
▲❡♠♠❛ ✺✳✷✳ ❋♦r ❛❧❧ a, b ∈ R✱ w (ab) ≥ w (a)w (b)✳ ■♥ ♣❛rt✐❝✉❧❛r✱ w (1) = 1✳
Pr♦♦❢✳ ❲r✐t❡ a = a1+ · · ·+aw(a) ❛♥❞ b = b1+ · · ·+bw(b)✱ ✇❤❡r❡ t❤❡ ai✬s ❛♥❞ t❤❡ bj ✬s ❛r❡
♥♦♥ ③❡r♦✳ ❚❤❡♥✱ ❞❡✈❡❧♦♣♣✐♥❣ ab = (a1+ · · ·+ aw(a))(b1+ · · ·+ bw(b)) ✇❡ ♦❜t❛✐♥ w (a)w (b)
s✉♠♠❛♥❞s✱ ✇❤✐❝❤ ❛r❡ ❛❧❧ ♥♦♥ ③❡r♦ ❜② t❤❡ ✐♥t❡❣r❛❧ ❞♦♠❛✐♥ ♣r♦♣❡rt② ♦❢ R✳
▲❡♠♠❛ ✺✳✸✳ ■❢ σ = aτ + ρ ✇✐t❤ a 6= 0 t❤❡♥ Supp (σ) = Supp (τ) ∪ Supp (ρ)✳
Pr♦♦❢✳ ❇② ▲❡♠♠❛ ✹✳✺✱ ❛❧❧ t❤❛t r❡♠❛✐♥s t♦ ❜❡ s❤♦✇♥ ✐s t❤❛t Supp (aτ) = Supp (τ)✿ t❤✐s
❢♦❧❧♦✇s ❞✐r❡❝t❧② ❢r♦♠ t❤❡ ✐♥t❡❣r❛❧ ❞♦♠❛✐♥ ♣r♦♣❡rt② ♦❢ R✳
▲❡♠♠❛ ✺✳✹✳ ❋♦r ❛❧❧ σ, σ′ s✉❝❤ t❤❛t σ →˜ σ′✱ aσ + τ →˜ aσ′ + τ ❛❧s♦ ❤♦❧❞s ❛s s♦♦♥ ❛s
a 6= 0✳
Pr♦♦❢✳ ❆❣❛✐♥✱ t❤✐s ✐s ❛ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ✐♥t❡❣r❛❧ ❞♦♠❛✐♥ ♣r♦♣❡rt② ♦❢ R✳
▲❡♠♠❛ ✺✳✺✳ ❋♦r ❛❧❧ σ ∈ ∆R ❛♥❞ ❛❧❧ σ
′ ∈ R 〈∆R〉✱ σ →˜ σ
′ ✐✛ σ → σ′✳
Pr♦♦❢✳ ❇② ▲❡♠♠❛ ✺✳✸ ❛♥❞ t❤❡ ❢❛❝t t❤❛t Supp (σ) = {σ}✱ ✐❢ ✇❡ ✇r✐t❡ σ = as+ T ✇✐t❤
a 6= 0✱ t❤❡♥ s = σ ❛♥❞ t❤❡r❡ ✐s b ∈ R s✉❝❤ t❤❛t T = bσ✳ ◆❡❝❡ss❛r✐❧②✱ ✇❡ ❤❛✈❡ a + b = 1✱
✇❤✐❝❤ ❜② ▲❡♠♠❛ ✺✳✷ ✐♠♣❧✐❡s a = 1 ❛♥❞ b = 0✳ ❍❡♥❝❡ t❤❡ r❡s✉❧t ❜② ❞❡✜♥✐t✐♦♥ ♦❢ →˜✳
■♥ s✉❜s❡❝t✐♦♥ ✺✳✶✱ ✇❡ ♣r♦✈❡ t❤❛t✱ ✉♥❞❡r t❤❡s❡ ❝♦♥❞✐t✐♦♥s✱ σ ∈ R 〈∆R〉 ✐s str♦♥❣❧② ♥♦r✲
♠❛❧✐③✐♥❣ ✐✛ ❡✈❡r② s✐♠♣❧❡ t❡r♠ ✐♥ Supp (σ) ✐s str♦♥❣❧② ♥♦r♠❛❧✐③✐♥❣✳ ❲❡ t❤❡♥ ❞❡✈❡❧♦♣ t❤❡
♣r♦♦❢ ♦❢ str♦♥❣ ♥♦r♠❛❧✐③❛t✐♦♥ ♦❢ s✐♠♣❧② t②♣❡❞ t❡r♠s✱ ✐♥ s✉❜s❡❝t✐♦♥s ✺✳✷ t❤r♦✉❣❤ ✺✳✹✱ ❢♦❧✲
❧♦✇✐♥❣ ❑r✐✈✐♥❡✬s ✈❡rs✐♦♥ ♦❢ ❚❛✐t✬s r❡❞✉❝✐❜✐❧✐t② ♠❡t❤♦❞ ✭❑r✐✾✵✮✳ ❋r♦♠ t❤✐s✱ ✇❡ ❞❡r✐✈❡ ❛
✇❡❛❦ ♥♦r♠❛❧✐③❛t✐♦♥ r❡s✉❧t ✇✐t❤ t❤❡ ♦♥❧② ❛ss✉♠♣t✐♦♥ t❤❛t R ✐s ♣♦s✐t✐✈❡✱ ✐♥ s✉❜s❡❝t✐♦♥ ✺✳✺✳
❊①❛♠♣❧❡s✳ ❖❜✈✐♦✉s❧②✱ t❤❡ r✐❣ N ✐s ✜♥✐t❡❧② s♣❧✐tt✐♥❣ ✇✐t❤ w (n) = n ❢♦r ❛❧❧ n ∈ N✱ ❛♥❞
❤❛s ♥♦ ③❡r♦ ❞✐✈✐s♦r✳ ❖♥❡ ♠♦r❡ ✐♥t❡r❡st✐♥❣ ✐♥st❛♥❝❡ ✐s t❤❡ r✐❣ ♦❢ ❛❧❧ ♣♦❧②♥♦♠✐❛❧s ♦✈❡r
✈❛r✐❛❜❧❡s ξ1, . . . , ξn ✇✐t❤ ♥♦♥✲♥❡❣❛t✐✈❡ ✐♥t❡❣❡r ❝♦❡✣❝✐❡♥ts✱ ❞❡♥♦t❡❞ ❜② Pn = N[ξ1, . . . , ξn]✿
❢♦r ❛❧❧ P ∈ Pn✱ w (P ) = P (1, . . . , 1)✳ ❙✉❝❤ ❛ r✐❣ ♦❢ ♣♦❧②♥♦♠✐❛❧s ✐s ✐♥✈♦❧✈❡❞ ✐♥ t❤❡ ✇❡❛❦
♥♦r♠❛❧✐③❛t✐♦♥ s❝❤❡♠❡ ✇❡ ❞❡✈❡❧♦♣ ✐♥ s❡❝t✐♦♥ ✺✳✺✳ ❆❧❧ ♦t❤❡r ❡①❛♠♣❧❡s ✇❡ ❦♥♦✇ ♦❢ ❛r❡ ❣✐✈❡♥
❜② ✈❛r✐❛♥ts ♦❢ Pn✱ ❢♦r ✐♥st❛♥❝❡✿
✖ ❛♥② r✐❣ R[ξ1, . . . , ξn]✱ ✇❤❡r❡ R ✐s ✐ts❡❧❢ ❛♥ ✐♥t❡❣r❛❧ ✜♥✐t❡❧② s♣❧✐tt✐♥❣ r✐❣❀
✖ ❛♥② s✐♠✐❧❛r r✐❣ ♦❢ ♣♦❧②♥♦♠✐❛❧s✱ ✇✐t❤ t❤❡ r❡str✐❝t✐♦♥ t❤❛t t❤❡ ξi✬s ❞♦ ♥♦t ❝♦♠♠✉t❡✿
ξiξj 6= ξjξi ✇❤❡♥ i 6= j ✭t❤✐s ✐s ❛ r✐❣ ✇❤✐❝❤ s❛t✐s✜❡s ♦✉r ❝♦♥❞✐t✐♦♥s✱ ②❡t ✐s ♥♦t ❝♦♠♠✉✲
t❛t✐✈❡ ❢♦r ♠✉❧t✐♣❧✐❝❛t✐♦♥✮❀
✖ ❛♥② s✐♠✐❧❛r r✐❣ ♦❢ ♣♦❧②♥♦♠✐❛❧s✱ r❡❧❛①❡❞ ✐♥ t❤❛t t❤❡ ξi✬s ❛r❡ s✉♣♣♦s❡❞ t♦ ❜❡ ✐❞❡♠♣♦t❡♥t✿
ξiξi = ξi ❢♦r ❛❧❧ i✳
❆❧❣❡❜r❛✐❝ ▲❛♠❜❞❛✲❈❛❧❝✉❧✉s ✷✶
✺✳✶✳ ❙❝❛❧❛rs ❛♥❞ ♥♦r♠❛❧✐③❛t✐♦♥
❋r♦♠ ♥♦✇ ♦♥✱ ✇❡ ❛ss✉♠❡ R ✐s ✜♥✐t❡❧② s♣❧✐tt✐♥❣ ❛♥❞ ✐♥t❡❣r❛❧✳ ❯♥❞❡r t❤❡s❡ ❝♦♥❞✐t✐♦♥s✱ ✇❡
♣r♦✈❡ ❛ t❡r♠ ✐s str♦♥❣❧② ♥♦r♠❛❧✐③✐♥❣ ✐✛ ✐t ✐s ❛ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥ ♦❢ str♦♥❣❧② ♥♦r♠❛❧✐③✐♥❣
s✐♠♣❧❡ t❡r♠s ✭❚❤❡♦r❡♠ ✺✳✶✶✮✳
▲❡♠♠❛ ✺✳✻✳ ▲❡t σ ∈ R 〈∆R〉✳ ❚❤❡r❡ ❛r❡ ♦♥❧② ✜♥✐t❡❧② ♠❛♥② t❡r♠s σ
′ s✉❝❤ t❤❛t σ →˜ σ′✳
Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ✐s ❜② ✐♥❞✉❝t✐♦♥ ♦♥ h(σ)✳ ■❢ h(σ) = 0 t❤❡♥ σ = 0 ❛♥❞ t❤❡ ♣r♦♣❡rt② ❤♦❧❞s
tr✐✈✐❛❧❧② ❜② ▲❡♠♠❛ ✹✳✺✳ ❆ss✉♠❡ t❤❛t t❤❡ ♣r♦♣❡rt② ❤♦❧❞s ❢♦r ❛❧❧ σ s✉❝❤ t❤❛t h(σ) ≤ k✳ ▲❡t
σ ∈ R 〈∆R〉 ❜❡ s✉❝❤ t❤❛t h(σ) = k+1✳ ❋♦r ❡❛❝❤ t❡r♠ σ
′ ∈ R 〈∆R〉 s✉❝❤ t❤❛t σ →˜ σ
′✱ t❤❡r❡
❛r❡ t ∈ ∆R✱ T
′, U ∈ R 〈∆R〉 ❛♥❞ a ∈ R
• s✉❝❤ t❤❛t σ = at+ U ✱ σ′ = aT ′ + U ❛♥❞ t→ T ′✳
❇② ▲❡♠♠❛ ✹✳✺✱ t ∈ Supp (σ)✿ t❤❡r❡ ❛r❡ ✜♥✐t❡❧② ♠❛♥② s✉❝❤ s✐♠♣❧❡ t❡r♠s✳ ▼♦r❡♦✈❡r✱ ❞✉❡
t♦ t❤❡ ✜♥✐t❡ s♣❧✐tt✐♥❣ ❝♦♥❞✐t✐♦♥ ♦♥ R✱ ❢♦r ❡❛❝❤ s✉❝❤ t t❤❡r❡ ❡①✐st ✜♥✐t❡❧② ♠❛♥② a ∈ R• ❛♥❞
U ∈ R 〈∆R〉 s✉❝❤ t❤❛t σ = at+ U ✳ ❆ s✐♠♣❧❡ ✐♥s♣❡❝t✐♦♥ ♦❢ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ → s❤♦✇s t❤❛t✱
❜② ✐♥❞✉❝t✐✈❡ ❤②♣♦t❤❡s✐s ❛♣♣❧✐❡❞ t♦ s✉❜t❡r♠s ♦❢ t ✭✐✳❡✳ ,✲❝❧❛ss❡s ♦❢ s✉❜t❡r♠s ♦❢ t✱ ❛❧❧ ♦❢
❤❡✐❣❤t ❛t ♠♦st k✮✱ t →✲r❡❞✉❝❡s t♦ ✜♥✐t❡❧② ♠❛♥② t❡r♠s✱ ✇❤✐❝❤ ❛r❡ ❛❧❧ t❤❡ ♣♦ss✐❜❧❡ ❝❤♦✐❝❡s
❢♦r T ′✳
❑ö♥✐❣✬s ❧❡♠♠❛ t❤✉s ❥✉st✐✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥✿
❉❡✜♥✐t✐♦♥ ✺✳✼✳ ■❢ σ ✐s ❛ str♦♥❣❧② ♥♦r♠❛❧✐③✐♥❣ t❡r♠✱ ✇❡ ❞❡♥♦t❡ ❜② |σ| t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡
❧♦♥❣❡st s❡q✉❡♥❝❡ ♦❢ →˜✲r❡❞✉❝t✐♦♥s ❢r♦♠ σ t♦ ✐ts ♥♦r♠❛❧ ❢♦r♠✳ ❲❡ ❞❡♥♦t❡ ❜② NR t❤❡ s❡t ♦❢
str♦♥❣❧② ♥♦r♠❛❧✐③✐♥❣ s✐♠♣❧❡ t❡r♠s ❛♥❞ NR (n) = {σ ∈ NR s✳t✳ |σ| ≤ n}✳
❚❤❡♥ R 〈NR〉 ✐s t❤❡ s❡t ♦❢ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥s ♦❢ str♦♥❣❧② ♥♦r♠❛❧✐③✐♥❣ s✐♠♣❧❡ t❡r♠s✿
R 〈NR〉 = {σ ∈ R 〈∆R〉 ; Supp (σ) ⊆ NR} .
■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ♣r♦✈❡ t❤❛t R 〈NR〉 ✐s ❡①❛❝t❧② t❤❡ s❡t ♦❢ ❛❧❧ str♦♥❣❧② ♥♦r♠❛❧✐③✐♥❣ t❡r♠s✳
❲❡ ✜rst s❤♦✇ t❤❡ ❡❛s✐❡st ✐♥❝❧✉s✐♦♥✳
▲❡♠♠❛ ✺✳✽✳ ❚❤❡ s✉♣♣♦rt ♦❢ ❡✈❡r② str♦♥❣❧② ♥♦r♠❛❧✐③✐♥❣ t❡r♠ ✐s ❛ ✜♥✐t❡ s✉❜s❡t ♦❢ NR✳
▼♦r❡ ♣r❡❝✐s❡❧②✱ ✐❢ σ ✐s str♦♥❣❧② ♥♦r♠❛❧✐③✐♥❣✱ t❤❡♥ Supp (σ) ⊂ NR (|σ|)✳
Pr♦♦❢✳ ❇② ▲❡♠♠❛ ✺✳✹✱ ❢r♦♠ ❛ s❡q✉❡♥❝❡ ♦❢ r❡❞✉❝t✐♦♥s ❢r♦♠ τ ∈ Supp (σ)✱ ✇❡ ❝❛♥ ❞❡r✐✈❡
❛ s❡q✉❡♥❝❡ ♦❢ r❡❞✉❝t✐♦♥s ❢r♦♠ σ ♦❢ t❤❡ s❛♠❡ ❧❡♥❣t❤✳
❲❡ ♥♦✇ ❡st❛❜❧✐s❤ t❤❡ r❡✈❡rs❡ ✐♥❝❧✉s✐♦♥✿ t❤❡ t❡r♠s ✐♥ R 〈NR〉 ❛r❡ str♦♥❣❧② ♥♦r♠❛❧✐③✐♥❣✳
❚❤❡ ♣r♦♦❢ ❜♦✐❧s ❞♦✇♥ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐❞❡❛✿ t♦ ❡❛❝❤ σ ∈ R 〈NR〉✱ ✇❡ ❛ss♦❝✐❛t❡ ❛ ✜♥✐t❡
♠✉❧t✐s❡t ‖σ‖ ♦❢ ♥❛t✉r❛❧ ♥✉♠❜❡rs s♦ t❤❛t ✐❢ σ →˜ σ′ t❤❡♥ ‖σ‖ > ‖σ′‖✱ ✇❤❡r❡ > ❞❡♥♦t❡s t❤❡
♠✉❧t✐s❡t ♦r❞❡r ✭✇❤✐❝❤ ✐s ❛ ✇❡❧❧✲♦r❞❡r✮✳
❋✐rst ✇❡ ✜① ♥♦t❛t✐♦♥s ❢♦r ♠✉❧t✐s❡ts✳ ❲❡ ✇r✐t❡ M✜♥ (N) ❢♦r t❤❡ s❡t ♦❢ ✜♥✐t❡ ♠✉❧t✐s❡ts
♦❢ ♥❛t✉r❛❧ ♥✉♠❜❡rs✳ ■❢ p1, . . . , pn ∈ N✱ ✇❡ ✇r✐t❡ [p1, . . . , pn] ∈ M✜♥ (N) ❢♦r t❤❡ ♠✉❧t✐s❡t
❝♦♥t❛✐♥✐♥❣ ❡①❛❝t❧② p1, . . . , pn✱ t❛❦✐♥❣ r❡♣❡t✐t✐♦♥s ✐♥t♦ ❛❝❝♦✉♥t✳ ■❢ µ, ν ∈ M✜♥ (N)✱ µ + ν
❞❡♥♦t❡s t❤❡ ❞✐s❥♦✐♥t ✉♥✐♦♥ ♦❢ µ ❛♥❞ ν✱ ❛♥❞ ✐❢ k ∈ N✱ kµ ❞❡♥♦t❡s t❤❡ ♠✉❧t✐s❡t
∑k
i=1 µ✳
◆♦✇ ❛ss✉♠❡ µ = [p1, . . . , pm] ❛♥❞ ν = [q1, . . . , qn]✱ ✇✐t❤ p1 ≤ · · · ≤ pm ❛♥❞ q1 ≤ · · · ≤ qn✱
✇❡ r❡❝❛❧❧ t❤❛t µ < ν ❢♦r t❤❡ ♠✉❧t✐s❡t ♦r❞❡r ✐✛ ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s✿
✖ m = 0 ❛♥❞ n > 0❀
▲✳ ❱❛✉① ✷✷
✖ mn 6= 0 ❛♥❞ pm < qn❀
✖ mn 6= 0✱ pm = qn ❛♥❞ [p1, . . . , pm−1] < [q1, . . . , qn−1]✳
❚❤✐s str✐❝t ♦r❞❡r ✐s t❤❡ tr❛♥s✐t✐✈❡ ❝❧♦s✉r❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥✿ µ ≺ µ′ ✐✛ µ = ν +
[p1, . . . , pm] ❛♥❞ µ
′ = ν+[q] ✇❤❡r❡✱ ❢♦r ❛❧❧ i✱ pi < q✳ ❚❤❡ ✇❡❧❧✲❢♦✉♥❞❡❞♥❡ss ♦❢ t❤❡ ♠✉❧t✐s❡t
♦r❞❡r ❛♠♦✉♥ts t♦ t❤❡ ❢❛❝t t❤❛t t❤❡r❡ ✐s ♥♦ ✐♥✜♥✐t❡ ❞❡s❝❡♥❞✐♥❣ ❝❤❛✐♥ ❢♦r ≺✳
❉❡✜♥✐t✐♦♥ ✺✳✾✳ ❋♦r ❛❧❧ τ ∈ ∆R ❛♥❞ σ ∈ R 〈∆R〉✱ ✇❡ ✇r✐t❡ wτ (σ) ❢♦r t❤❡ ✇✐❞t❤ ♦❢ t❤❡
❝♦❡✣❝✐❡♥t ♦❢ τ ✐♥ σ✿ wτ (σ) = w
(
σ(τ)
)
✳ ■❢ ♠♦r❡♦✈❡r σ ∈ R 〈NR〉✱ ✇❡ ✇r✐t❡
‖σ‖ =
∑
τ∈Supp(σ)
wτ (σ) [ |τ | ] .
❋♦r ✐♥st❛♥❝❡✱ ✐❢ σ ✐s ❛ str♦♥❣❧② ♥♦r♠❛❧✐③✐♥❣ s✐♠♣❧❡ t❡r♠✱ ‖σ‖ = w (1) [ |σ| ] = [ |σ| ]✳
▲❡♠♠❛ ✺✳✶✵✳ ▲❡t σ ∈ R 〈NR〉 ❛♥❞ ❧❡t σ
′ ❜❡ s✉❝❤ t❤❛t σ → σ′✳ ❚❤❡♥ σ′ ∈ R 〈NR〉 ❛♥❞
‖σ′‖ < ‖σ‖✳
Pr♦♦❢✳ ❲r✐t❡ σ = as+ T ❛♥❞ σ′ = aS′ + T ✇✐t❤ s → S′✳ ❙✐♥❝❡ σ ∈ R 〈NR〉✱ ▲❡♠♠❛
✺✳✸ ❡♥t❛✐❧s s ∈ NR✿ ✇r✐t❡ |s| = p + 1✳ ❈❧❡❛r❧②✱ S
′ ✐s str♦♥❣❧② ♥♦r♠❛❧✐③✐♥❣ ❛♥❞ |S′| ≤ p✳
❇② ▲❡♠♠❛ ✺✳✽✱ Supp (S′) ⊂ NR (p)✳ ❚❤❡♥ ▲❡♠♠❛ ✺✳✸ ✐♠♣❧✐❡s Supp (σ
′) = Supp (S′) ∪
Supp (T ) ⊂ NR✳ ❍❡♥❝❡ ‖σ
′‖ ✐s ✇❡❧❧ ❞❡✜♥❡❞✳
❲❡ ♥♦✇ ♣r♦✈❡ t❤❛t ‖σ′‖ ≺ ‖σ‖✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ❢❛❝ts ♣r♦✈✐❞❡ ❛ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥✿
✭✐✮ ❋♦r ❛❧❧ q > |s|✱ t❤❡ ♠✉❧t✐♣❧✐❝✐t② ♦❢ q ✐♥ ‖σ′‖ ✐s t❤❡ s❛♠❡ ❛s ✐♥ ‖σ‖✳
✭✐✐✮ ❚❤❡ ♠✉❧t✐♣❧✐❝✐t② ♦❢ |s| ✐♥ ‖σ′‖ ✐s str✐❝t② ❧❡ss t❤❛♥ ✐♥ ‖σ‖✳
❋❛❝t ✭✐✮ ❜♦✐❧s ❞♦✇♥ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥∑
t∈NR(q)
wt (σ) =
∑
t∈NR(q)
wt (σ
′)
❢♦r ❛❧❧ q > |s|✳ ■t ✐s t❤❡♥ s✉✣❝✐❡♥t t♦ s❤♦✇ t❤❛t✱ ❢♦r q > |s| ❛♥❞ ❢♦r ❛❧❧ t ∈ NR (q)✱
wt (σ
′) = wt (σ)✳ ❙✐♥❝❡ Supp (S
′) ⊂ NR (p) ❛♥❞ p < q✱ ✇❡ ❞❡❞✉❝❡ t❤❛t S
′
(t) = 0 ❛♥❞
σ′(t) = T (t) = σ(t) ❛♥❞ ✇❡ ❝♦♥❝❧✉❞❡✳
❙✐♠✐❧❛r❧②✱ t♦ ♣r♦✈❡ ❢❛❝t ✭✐✐✮✱ ✇❡ ♠✉st s❤♦✇ t❤❛t∑
t∈NR(|s|)
wt (σ) >
∑
t∈NR(|s|)
wt (σ
′)
▲❡t t ∈ NR (|s|)✳ ❲✐t❤ t❤❡ s❛♠❡ ❛r❣✉♠❡♥t ❛s ❛❜♦✈❡✱ S
′
(t) = 0 ❛♥❞ t❤❡♥ σ
′
(t) = T (t)✳
■❢ t 6= s✱ ✇❡ t❤✉s ❤❛✈❡ σ′(t) = σ(t)✱ ❤❡♥❝❡ wt (σ
′) = wt (σ)✳ ▼♦r❡♦✈❡r✱ ❜② ▲❡♠♠❛ ✺✳✶✱
ws (σ) = w
(
a+ T (s)
)
≥ w (a) + ws (T ) ❛♥❞ w (a) > 0✳ ❙✐♥❝❡ T (s) = σ
′
(s)✱ ✇❡ ♦❜t❛✐♥
ws (σ) > ws (σ
′)
❲❡ ❝❛♥ ♥♦✇ st❛t❡ t❤❡ ✜♥❛❧ t❤❡♦r❡♠ ♦❢ t❤✐s s✉❜s❡❝t✐♦♥✿
❚❤❡♦r❡♠ ✺✳✶✶✳ ❚❤❡ s❡t ♦❢ ❛❧❧ str♦♥❣❧② ♥♦r♠❛❧✐③✐♥❣ t❡r♠s ✐s R 〈NR〉✳
Pr♦♦❢✳ ❖♥❡ ✐♥❝❧✉s✐♦♥ ✐s ▲❡♠♠❛ ✺✳✽✳ ❚❤❡ ♦t❤❡r ♦♥❡ ❢♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛ ✺✳✶✵ ❛♥❞ t❤❡
❢❛❝t t❤❛t t❤❡ ♠✉❧t✐s❡t ♦r❞❡r ✐s ❛ ✇❡❧❧✲♦r❞❡r✳
❆❧❣❡❜r❛✐❝ ▲❛♠❜❞❛✲❈❛❧❝✉❧✉s ✷✸
✺✳✷✳ ❙❛t✉r❛t❡❞ s❡ts
❲❡ ♥♦✇ ❞❡✜♥❡ ❛ ♥♦t✐♦♥ ♦❢ s❛t✉r❛t✐♦♥ ♦♥ s❡ts ♦❢ s✐♠♣❧❡ t❡r♠s✱ ❛♥❞ ♣r♦✈❡ NR ✐s s❛t✉r❛t❡❞✳
❍❡r❡ t❤❡ ❝♦♥❞✐t✐♦♥s ✇❡ ✐♠♣♦s❡❞ ♦♥ R ❛r❡ ❝r✉❝✐❛❧✱ s✐♥❝❡ t❤❡ ♣r♦♦❢ ❤❡❛✈✐❧② r❡❧✐❡s ♦♥ ❚❤❡♦r❡♠
✺✳✶✶✳
❉❡✜♥✐t✐♦♥ ✺✳✶✷✳ ▲❡t X ❜❡ ❛ s❡t ♦❢ s✐♠♣❧❡ t❡r♠s✳ ❆♥ X ✲r❡❞❡① ✐s ❛ s✐♠♣❧❡ t❡r♠ ♦❢ t❤❡
❢♦❧❧♦✇✐♥❣ s❤❛♣❡✿
σ = (λx s)T
✇❤❡r❡ s ∈ X ❛♥❞ T ∈ R 〈X 〉✳ ❲❡ ✇r✐t❡ Red (σ) ❢♦r t❤❡ t❡r♠ ♦❜t❛✐♥❡❞ ❜② ✜r✐♥❣ t❤✐s r❡❞❡①✿
Red (σ) = s [T/x]✳
❉❡✜♥✐t✐♦♥ ✺✳✶✸✳ ❚❤❡ s❡t X ✐s s❛t✉r❛t❡❞ ✐❢✱ ❢♦r ❛❧❧ NR✲r❡❞❡① σ ❛♥❞ ❛❧❧ τ1, . . . , τn ∈ R 〈NR〉✱
(Red (σ)) τ1 · · · τn ∈ R 〈X 〉 ✐♠♣❧✐❡s (σ) τ1 · · · τn ∈ X .
▲❡♠♠❛ ✺✳✶✹✳ ❚❤❡ s❡t NR ✐s s❛t✉r❛t❡❞✳
Pr♦♦❢✳ ❲❡ ❤❛✈❡ t♦ ♣r♦✈❡ t❤❛t✱ ❢♦r ❛❧❧ NR✲r❡❞❡① σ ❛♥❞ ❛❧❧ τ1, . . . , τn ∈ R 〈NR〉✱ ✐❢
(Red (σ)) τ1 · · · τn ∈ R 〈NR〉 t❤❡♥ (σ) τ1 · · · τn ∈ NR✳ ❲❡ ✇r✐t❡ σ = (λx s)T0 ✇❤❡r❡ s ∈ NR
❛♥❞ T0 ∈ R 〈NR〉✱ ❛♥❞✱ ❢♦r ❡❛❝❤ i✱ ✇r✐t❡ τi = Ti✳ ❲✐t❤ t❤❡s❡ ♥♦t❛t✐♦♥s✱ ✇❡ ❛r❡ ❧❡❞ t♦ ♣r♦✈❡
t❤❛t✱ ❢♦r ❛❧❧ s ∈ NR ❛♥❞ ❛❧❧ T0, . . . , Tn ∈ R 〈NR〉✱ ✐❢
(s [T0/x])T1 · · ·Tn ∈ R 〈NR〉 , ✭✾✮
t❤❡♥
ρ = (λx s)T0 · · ·Tn ∈ NR.
❇② ❚❤❡♦r❡♠ ✺✳✶✶✱ ❡❛❝❤ Ti ✐s str♦♥❣❧② ♥♦r♠❛❧✐③✐♥❣✳ ❲❡ ♣r♦✈❡ t❤❡ r❡s✉❧t ❜② ✐♥❞✉❝t✐♦♥ ♦♥
|s|+
∑n
i=0
∣∣Ti∣∣✳ ❇② ▲❡♠♠❛ ✺✳✺✱ ✐t ✐s s✉✣❝✐❡♥t t♦ s❤♦✇ t❤❛t ❢♦r ❛❧❧ ρ′ s✉❝❤ t❤❛t ρ→ ρ′✱ ρ′
✐s str♦♥❣❧② ♥♦r♠❛❧✐③✐♥❣✳ ❚❤❡ r❡❞✉❝t✐♦♥ ρ→ ρ′ ❝❛♥ ♦❝❝✉r ❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ♣♦s✐t✐♦♥s✿
✖ ❛t t❤❡ r♦♦t ♦❢ t❤❡ NR✲r❡❞❡①❀
✖ ✐♥s✐❞❡ s❀
✖ ✐♥s✐❞❡ ♦♥❡ ♦❢ t❤❡ Ti✬s✳
❍❡❛❞ r❡❞✉❝t✐♦♥✳ ■♥ t❤❡ ✜rst ❝❛s❡✱ ✇❤✐❝❤ ✐s t❤❡ ♦♥❧② ♣♦ss✐❜❧❡ ♦♥❡ ✐❢ |s|+
∑n
i=0
∣∣Ti∣∣ = 0✱
ρ′ = (Red (σ)) τ1 · · · τn s♦ ❤②♣♦t❤❡s✐s ✭✾✮ ❛♣♣❧✐❡s ❞✐r❡❝t❧②✳
❘❡❞✉❝t✐♦♥ ✐♥ t❤❡ ❢✉♥❝t✐♦♥✳ ❈♦♥s✐❞❡r t❤❡ ❝❛s❡ ✐♥ ✇❤✐❝❤ r❡❞✉❝t✐♦♥ ♦❝❝✉rs ✐♥s✐❞❡ s✳ ❙♦
ρ′ = (λxS′)T0 · · ·Tn ✇✐t❤ s → S
′✳ ❲r✐t❡ t❤❡ ❝❛♥♦♥✐❝❛❧ t❡r♠ S′ =
∑q
l=1 als
′
l ❛♥❞✱
❢♦r ❛❧❧ l ∈ {1, . . . , q}✱ ❞❡✜♥❡ ρ′l = (λx s
′
l)T0 · · ·Tn s♦ t❤❛t ρ
′ =
∑q
l=1 alρ
′
l✳ ■t ✐s
t❤❡♥ s✉✣❝✐❡♥t t♦ ♣r♦✈❡ t❤❛t✱ ❢♦r ❛❧❧ l ∈ {1, . . . , q}✱ ρ′l ∈ NR✳ ❋♦r ❛❧❧ l✱
∣∣∣s′l∣∣∣ < |s|
❛♥❞ t❤❡ ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s ❛♣♣❧✐❡s t♦ t❤❡ ❞❛t❛ s′l, T0, . . . , Tn✳ ❍❡♥❝❡ ✐t ✐s s✉✣❝✐❡♥t
t♦ s❤♦✇ t❤❛t (s′l [T0/x])T1 · · ·Tn ∈ R 〈NR〉✳ ❇② ❤②♣♦t❤❡s✐s ✭✾✮✱ (Red (σ)) τ1 · · · τn ∈
R 〈NR〉✳ ❙✐♥❝❡ s → S
′✱ ❈♦r♦❧❧❛r② ✸✳✶✸ ❛♥❞ ▲❡♠♠❛ ✸✳✺ ✐♠♣❧② (Red (σ)) τ1 · · · τn →˜
∗∑q
l=1 al(s
′
l [T0/x])T1 · · ·Tn✳ ❍❡♥❝❡ ❡❛❝❤ (s
′
l [T0/x])T1 · · ·Tn ∈ R 〈NR〉 ❜② ▲❡♠♠❛ ✺✳✸✳
❘❡❞✉❝t✐♦♥ ✐♥ ❛♥ ❛r❣✉♠❡♥t✳ ❈♦♥s✐❞❡r t❤❡ ❝❛s❡ ✐♥ ✇❤✐❝❤ r❡❞✉❝t✐♦♥ ♦❝❝✉rs ✐♥s✐❞❡ Ti✿
ρ′ = (λx s)T0 · · ·T
′
i · · ·Tn ✇✐t❤ Ti →˜ T
′
i ✳ ❙✐♥❝❡
∣∣∣T ′i ∣∣∣ < ∣∣Ti∣∣✱ t❤❡ ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s
❛♣♣❧✐❡s t♦ t❤❡ ❞❛t❛ s, T0, . . . , T
′
i , . . . , Tn✳ ❍❡♥❝❡ ✐t ✐s s✉✣❝✐❡♥t t♦ s❤♦✇ t❤❛t ✭✾✮ ❤♦❧❞s
▲✳ ❱❛✉① ✷✹
❢♦r t❤❛t ❞❛t❛✿ (s [T0/x])T1 · · ·T
′
i · · ·Tn ∈ R 〈NR〉 ✖ ♦r (s [T
′
0/x])T1 · · ·Tn ∈ R 〈NR〉
✐❢ i = 0✳ ❲❡ ❝❛♥ ❝♦♥❝❧✉❞❡ ❞✐r❡❝t❧②✱ s✐♥❝❡ t❤✐s ✐s ❛ →˜∗✲r❡❞✉❝t ♦❢ (Red (σ)) τ1 · · · τn ∈
R 〈NR〉 ❜② ❝♦♥t❡①t✉❛❧✐t② ♦❢ →˜
∗
✖ ♣❧✉s Pr♦♣♦s✐t✐♦♥ ✷✳✻ ✐❢ i = 0✳
✺✳✸✳ ❘❡❞✉❝✐❜✐❧✐t②
❚♦ ❡❛❝❤ s✐♠♣❧❡ t②♣❡✱ ✇❡ ❛ss♦❝✐❛t❡ ❛ s❛t✉r❛t❡❞ s✉❜s❡t ♦❢ NR ❛s ❢♦❧❧♦✇s✳
❉❡✜♥✐t✐♦♥ ✺✳✶✺✳ ■❢ X ❛♥❞ Y ❛r❡ s❡ts ♦❢ s✐♠♣❧❡ t❡r♠s✱ ♦♥❡ ❞❡✜♥❡s X → Y ⊆ ∆R ❜②✿
X → Y = {σ ∈ ∆R; ❢♦r ❛❧❧ τ ∈ R 〈X 〉 , (σ) τ ∈ Y} .
Pr♦♣♦s✐t✐♦♥ ✺✳✶✻✳ ■❢ X ,X ′,Y,Y ′ ⊆ ∆R ❛r❡ s✉❝❤ t❤❛t X ⊆ X
′ ❛♥❞ Y ′ ⊆ Y✱ t❤❡♥
X ′ → Y ′ ⊆ X → Y✳
▲❡♠♠❛ ✺✳✶✼✳ ■❢ S ✐s ❛ s❛t✉r❛t❡❞ s❡t ❛♥❞ X ⊆ NR✱ t❤❡♥ X → S ✐s s❛t✉r❛t❡❞✳
Pr♦♦❢✳ ❚❤✐s ✐s str❛✐❣❤t❢♦r✇❛r❞ ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ s❛t✉r❛t✐♦♥ ❛♥❞ X → S✳
❉❡✜♥✐t✐♦♥ ✺✳✶✽✳ ❲❡ ❞❡✜♥❡ t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ A∗ ♦❢ t②♣❡ A ❜② ✐♥❞✉❝t✐♦♥ ♦♥ A✿
✖ φ∗ = NR ✐❢ φ ✐s ❛ ❜❛s✐❝ t②♣❡❀
✖ (A→ B)∗ = A∗ → B∗✳
❉❡✜♥✐t✐♦♥ ✺✳✶✾✳ ▲❡t ER ❜❡ t❤❡ s❡t ♦❢ ❛❧❧ s✐♠♣❧❡ t❡r♠s σ ♦❢ s❤❛♣❡ σ = (x) τ1 · · · τn✱ ✇❤❡r❡
τ1, . . . , τn ∈ R 〈NR〉✳ ❚❤❡s❡ ❛r❡ ❝❛❧❧❡❞ ♥❡✉tr❛❧ t❡r♠s✳
▲❡♠♠❛ ✺✳✷✵✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❝❧✉s✐♦♥s ❤♦❧❞✿
ER ⊆ (NR → ER) ⊆ (ER → NR) ⊆ NR.
Pr♦♦❢✳ ❖❢ ❝♦✉rs❡✱ ER ⊆ NR✱ ❤❡♥❝❡ t❤❡ ❝❡♥tr❛❧ ✐♥❝❧✉s✐♦♥✱ ❜② Pr♦♣♦s✐t✐♦♥ ✺✳✶✻✳ ❚❤❡ ✜rst
✐♥❝❧✉s✐♦♥ ❤♦❧❞s ❜② ❞❡✜♥✐t✐♦♥ ♦❢ ER✳ ■❢ τ ∈ ER → NR✱ ❧❡t x ❜❡ ❛♥② ✈❛r✐❛❜❧❡✱ x ∈ ER ❛♥❞ ✇❡
❤❛✈❡ (τ)x ∈ NR✱ ✇❤✐❝❤ ✐♠♣❧✐❡s τ ∈ NR ❜② ▲❡♠♠❛ ✸✳✹❀ ❤❡♥❝❡ t❤❡ ❧❛st ✐♥❝❧✉s✐♦♥✳
❈♦r♦❧❧❛r② ✺✳✷✶✳ ❋♦r ❛❧❧ t②♣❡ A✱ ER ⊆ A
∗ ⊆ NR✳
✺✳✹✳ ❆❞❡q✉❛t✐♦♥
❲❡ ✜♥✐s❤ t❤❡ str♦♥❣ ♥♦r♠❛❧✐③❛t✐♦♥ ♣r♦♦❢✿ ❡✈❡r② s✐♠♣❧② t②♣❡❞ t❡r♠ ❧✐❡s ✐♥ t❤❡ ✐♥t❡r♣r❡t❛✲
t✐♦♥ ♦❢ ✐ts t②♣❡✳ ▼♦r❡ ❢♦r♠❛❧❧②✿
❚❤❡♦r❡♠ ✺✳✷✷✳ ▲❡t σ ❜❡ ❛ t❡r♠ ❛♥❞ ❛ss✉♠❡
x1 : A1, . . . , xm : Am ⊢R σ : A
✐s ❞❡r✐✈❛❜❧❡✳ ▲❡t σ1 ∈ R 〈A
∗
1〉✱ ✳ ✳ ✳ ✱ σm ∈ R 〈A
∗
m〉✳ ❚❤❡♥
σ [σ1, . . . , σm/x1, . . . , xm] ∈ R 〈A
∗〉 .
Pr♦♦❢✳ ❲r✐t❡ τ = σ [σ1, . . . , σm/x1, . . . , xm]✳ ❲❡ ♣r♦✈❡ τ ∈ R 〈A
∗〉 ❜② ✐♥❞✉❝t✐♦♥ ♦♥
can (σ)✳
❆❧❣❡❜r❛✐❝ ▲❛♠❜❞❛✲❈❛❧❝✉❧✉s ✷✺
❱❛r✐❛❜❧❡✳ σ = xi ❢♦r s♦♠❡ i ❛♥❞ A = Ai✳ ❚❤❡♥ τ = σi ∈ R 〈A
∗
i 〉 ❜② ❤②♣♦t❤❡s✐s✳
❆♣♣❧✐❝❛t✐♦♥✳ σ = (s)T ✇✐t❤ x1 : A1, . . . , xm : Am ⊢ s : B → A ❛♥❞ x1 : A1, . . . , xm :
Am ⊢ T : B✳ ❇② ✐♥❞✉❝t✐✈❡ ❤②♣♦t❤❡s✐s✱
s [σ1, . . . , σm/x1, . . . , xm] ∈ R 〈(B → A)
∗〉
❛♥❞
T [σ1, . . . , σm/x1, . . . , xm] ∈ R 〈B
∗〉 .
❍❡♥❝❡ τ ∈ R 〈A∗〉 ❜② ❞❡✜♥✐t✐♦♥ ♦❢ B∗ → A∗✳
❆❜str❛❝t✐♦♥✳ σ = λx s ❛♥❞ A = B → C ✇✐t❤
x1 : A1, . . . , xm : Am, x : B ⊢ s : C.
❲❡ ❛ss✉♠❡ x ✐s ❞✐st✐♥❝t ❢r♦♠ ❡✈❡r② xi ❛♥❞ ❞♦❡s ♥♦t ♦❝❝✉r ❢r❡❡ ✐♥ ❛♥② can (σi)✳ ❚❤❡♥
τ = λxS′ ✇✐t❤
S′ = s [σ1, . . . , σm/x1, . . . , xm].
❲❡ s❤♦✇ t❤❛t τ ∈ R 〈(B → C)∗〉 ✉s✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ B∗ → C∗✿ ❧❡t T ∈ R 〈B∗〉✱ ✇❡
❤❛✈❡ t♦ ♣r♦✈❡ (λxS′)T ∈ R 〈C∗〉✳ ❙✐♥❝❡ C∗ ✐s s❛t✉r❛t❡❞✱ ✐t ✐s s✉✣❝✐❡♥t t♦ s❤♦✇ t❤❛t
S′ [T/x] ∈ R 〈C∗〉✳ ❇② Pr♦♣♦s✐t✐♦♥ ✷✳✹✱
S′ [T/x] = s [T , σ1, . . . , σm/x, x1, . . . , xm]
❛♥❞ ✇❡ ❝♦♥❝❧✉❞❡ ❜② t❤❡ ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s ❛♣♣❧✐❡❞ t♦ s✳
▲✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥s✳ σ =
∑n
i=1 aisi ❛♥❞ Γ ⊢ si : A ❢♦r ❛❧❧ i ∈ {1, . . . , n}✳ ❚❤❡♥✱ ❜②
t❤❡ ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s✱ ❡❛❝❤ si [σ1, . . . , σm/x1, . . . , xm] ∈ R 〈A
∗〉 ❛♥❞ ✇❡ ❝♦♥❝❧✉❞❡✳
❲❡ ❣❡t t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦r♦❧❧❛r② ♦❢ ❚❤❡♦r❡♠ ✺✳✷✷✳
❚❤❡♦r❡♠ ✺✳✷✸✳ ❆❧❧ ✇❡❛❦❧② t②♣❛❜❧❡ t❡r♠s ❛r❡ str♦♥❣❧② ♥♦r♠❛❧✐③✐♥❣✳
Pr♦♦❢✳ ▲❡t σ ∈ R 〈∆R〉 ❜❡ s✉❝❤ t❤❛t x1 : A1, . . . , xm : Am ⊢R σ : A ✐s ❞❡r✐✈❛❜❧❡✳ ❋♦r
❛❧❧ i ∈ {1, . . . , n}✱ s✐♥❝❡ ER ⊆ A
∗
i ✱ xi ∈ R 〈A
∗
i 〉✳ ❍❡♥❝❡ σ = σ
[
x1, . . . , xm/x1, . . . , xm
]
∈
R 〈A∗〉 ❜② ❚❤❡♦r❡♠ ✺✳✷✷ ❛♥❞ ✇❡ ❝♦♥❝❧✉❞❡ ❜② ❈♦r♦❧❧❛r② ✺✳✷✶ ❛♥❞ ❚❤❡♦r❡♠ ✺✳✶✶✳
✺✳✺✳ ❲❡❛❦ ♥♦r♠❛❧✐③❛t✐♦♥ s❝❤❡♠❡
❘❡♠❡♠❜❡r t❤❛t ✇❡ ❢♦r❝❡❞ str♦♥❣ ❝♦♥❞✐t✐♦♥s ♦♥ R ✐♥ t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤✐s s❡❝t✐♦♥✳ ❖♥❡
❝❛♥ ❣❡t r✐❞ ♦❢ t❤✐s r❡str✐❝t✐♦♥ ❜② s❧✐❣❤t❧② ❝❤❛♥❣✐♥❣ t❤❡ ♥♦t✐♦♥ ♦❢ ♥♦r♠❛❧ ❢♦r♠✱ ❛s ✇❛s
❛❧r❡❛❞② ♥♦t❡❞ ❜② ❊❤r❤❛r❞ ❛♥❞ ❘❡❣♥✐❡r ✐♥ ✭❊❘✵✸✮✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ♣r♦✈✐❞❡ ❛ ❢✉❧❧
❞❡✈❡❧♦♣♠❡♥t ♦❢ t❤❡✐r ❛r❣✉♠❡♥t✳
❉❡✜♥✐t✐♦♥ ✺✳✷✹✳ ❲❡ ❞❡✜♥❡ ♣r❡✲♥♦r♠❛❧ t❡r♠s ❛♥❞ ♣r❡✲♥❡✉tr❛❧ t❡r♠s ❜② t❤❡ ❢♦❧❧♦✇✐♥❣
✐♥❞✉❝t✐✈❡ st❛t❡♠❡♥ts✿
✖ σ ∈ ∆R ✐s ❛ ♣r❡✲♥❡✉tr❛❧ t❡r♠ ✐❢ σ = x ✇✐t❤ x ∈ V✱ ♦r σ = (s)T ✱ ✇❤❡r❡ s ✐s ❛
♣r❡✲♥❡✉tr❛❧ t❡r♠ ❛♥❞ T ✐s ❛ ♣r❡✲♥♦r♠❛❧ t❡r♠❀
✖ σ ∈ ∆R ✐s ❛ s✐♠♣❧❡ ♣r❡✲♥♦r♠❛❧ t❡r♠ ✐❢ σ ✐s ♣r❡✲♥❡✉tr❛❧✱ ♦r σ = λx s ✇❤❡r❡ s ✐s ❛ s✐♠♣❧❡
♣r❡✲♥♦r♠❛❧ t❡r♠❀
▲✳ ❱❛✉① ✷✻
✖ σ ✐s ❛ ♣r❡✲♥♦r♠❛❧ t❡r♠ ✐❢✱ ❢♦r ❛❧❧ s ∈ Supp (σ)✱ s ✐s ❛ s✐♠♣❧❡ ♣r❡✲♥♦r♠❛❧ t❡r♠✳
■♥t✉✐t✐✈❡❧②✱ ♣r❡✲♥♦r♠❛❧ t❡r♠s ❛r❡ t❤♦s❡ t❡r♠s σ s✉❝❤ t❤❛t can (σ) ❝♦♥t❛✐♥s ♥♦ r❡❞❡①✳
❍❡♥❝❡✿
Pr♦♣♦s✐t✐♦♥ ✺✳✷✺✳ ■❢ R ✐s ♣♦s✐t✐✈❡ t❤❡♥ ♣r❡✲♥♦r♠❛❧ t❡r♠s ❛r❡ ❡①❛❝t❧② ♥♦r♠❛❧ t❡r♠s ✭❛♥❞
♣r❡✲♥❡✉tr❛❧ t❡r♠s ❛r❡ ❡①❛❝t❧② ♥❡✉tr❛❧ t❡r♠s✮✳
❆ r✐❣ ♦❢ ♣♦❧②♥♦♠✐❛❧s✳ ▲❡t R ❜❡ ❛♥② r✐❣ ❛♥❞ Ξ ❜❡ ❛ s❡t ♦❢ ✈❛r✐❛❜❧❡s ✐♥ ❜✐❥❡❝t✐♦♥ ✇✐t❤ R✿ t♦
❡✈❡r② a ∈ R ✇❡ ❛ss♦❝✐❛t❡ ξa ∈ Ξ s✉❝❤ t❤❛t ξa = ξb ✐✛ a = b✱ ❛♥❞ Ξ = {ξa; a ∈ R}✳
❉❡✜♥✐t✐♦♥ ✺✳✷✻✳ ▲❡t P = N [Ξ] ❜❡ t❤❡ r✐❣ ♦❢ ♣♦❧②♥♦♠✐❛❧s ✇✐t❤ ♥♦♥✲♥❡❣❛t✐✈❡ ✐♥t❡❣❡r
❝♦❡✣❝✐❡♥ts ♦✈❡r ✈❛r✐❛❜❧❡s ✐♥ Ξ✳ ■❢ P ∈ P✱ ❛♥❞ f : R −→ R′ ✇❤❡r❡ R′ ✐s ❛♥② r✐❣✱ ✇❡ ❞❡♥♦t❡
❜②
P{a 7→ f(a)}
t❤❡ ✈❛❧✉❛t✐♦♥ ♦❢ P ❛t f ✱ ✐✳❡✳ t❤❡ s❝❛❧❛r ✭✐♥ R′✮ ♦❜t❛✐♥❡❞ ❜② r❡♣❧❛❝✐♥❣ ❡❛❝❤ ξa ✐♥ P ❜② f(a)✱
❢♦r ❛❧❧ a ∈ R✳
❉❡✜♥✐t✐♦♥ ✺✳✷✼✳ ■❢ P ∈ P✱ ✇❡ ❞❡♥♦t❡ ❜② JP K t❤❡ ✈❛❧✉❡ ♦❢ P ✐♥ R✿
JP K = P{a 7→ a} ∈ R.
▲❡♠♠❛ ✺✳✷✽✳ ❚❤❡ r✐❣ P ✐s ✜♥✐t❡❧② s♣❧✐tt✐♥❣ ❛♥❞ ❤❛s ♥♦ ③❡r♦ ❞✐✈✐s♦r✳
Pr♦♦❢✳ ❚❤❡ ✇✐❞t❤ ❢✉♥❝t✐♦♥ ✐s ❡①❛❝t❧② t❤❡ s✉♠ ♦❢ ❛❧❧ ❝♦❡✣❝✐❡♥ts✿
w (P ) = P{a 7→ 1} ∈ N.
❍❡♥❝❡ ❚❤❡♦r❡♠ ✺✳✷✸ ❛♣♣❧✐❡s ❛♥❞ ✇❡ ♦❜t❛✐♥✿
❈♦r♦❧❧❛r② ✺✳✷✾✳ ❆❧❧ ✇❡❛❦❧② t②♣❛❜❧❡ t❡r♠s ✐♥ P 〈∆P〉 ❛r❡ str♦♥❣❧② ♥♦r♠❛❧✐③✐♥❣✳
❲❡ ❡①t❡♥❞ t❤❡ ✈❛❧✉❛t✐♦♥ ♦❢ ❛ t❡r♠ ✐♥ P 〈∆P〉 ❛s t❤❡ t❡r♠ ✐♥ R 〈∆R〉 ♦❜t❛✐♥❡❞ ❜② r❡♣❧❛❝✐♥❣
❡❛❝❤ ♣♦❧②♥♦♠✐❛❧ ❝♦❡✣❝✐❡♥t ✇✐t❤ ✐ts ✈❛❧✉❡✳
❉❡✜♥✐t✐♦♥ ✺✳✸✵✳ ❲❡ ❞❡✜♥❡ J·K : P 〈∆P〉 −→ R 〈∆R〉 ❜② ✐♥❞✉❝t✐♦♥ ♦♥ t❡r♠s✿
JxK = x
Jλx sK = λx JsKr
(s)T
z
= (JsK) JT Ku
v n∑
i=1
Pisi
}
~ = n∑
i=1
JPiK qsiy .
Pr♦♣♦s✐t✐♦♥ ✺✳✸✶✳ ❋♦r ❛❧❧ σ ∈ P 〈∆P〉✱ ✐❢ σ ✐s ❛ ♣r❡✲♥♦r♠❛❧ t❡r♠✱ t❤❡♥ JσK ∈ R 〈∆R〉 ✐s
❛ ♣r❡✲♥♦r♠❛❧ t❡r♠✳
▲❡♠♠❛ ✺✳✸✷✳ ❋♦r ❛❧❧ σ, σ′ ∈ P 〈∆P〉✱ ✐❢ σ →˜ σ
′✱ t❤❡♥ JσK →˜∗ JσK′✳
❆❧❣❡❜r❛✐❝ ▲❛♠❜❞❛✲❈❛❧❝✉❧✉s ✷✼
Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ✐s ❡❛s② ❜② ✐♥❞✉❝t✐♦♥ ♦♥ r❡❞✉❝t✐♦♥ σ →˜ σ′✳
❉❡✜♥✐t✐♦♥ ✺✳✸✸✳ ❋♦r ❛❧❧ M ∈ ΛR✱ ❞❡✜♥❡ Mˇ ∈ ΛP ❛s t❤❡ ♣❡r♠✉t❛t✐✈❡ t❡r♠ ♦❜t❛✐♥❡❞
❢r♦♠ M ❜② r❡♣❧❛❝✐♥❣ ❡✈❡r② ❝♦❡✣❝✐❡♥t a ✇✐t❤ t❤❡ ♠♦♥♦♠✐❛❧ χa✳
▲❡♠♠❛ ✺✳✸✹✳ ❋♦r ❛❧❧ S ∈ R 〈∆R〉✱ S =
q
Sˇ
y
✳
Pr♦♦❢✳ ❋♦r ❛❧❧ s ∈ Supp (S)✱ S(s) = S(s) =
q
ξS(s)
y
=
q
Sˇ(sˇ)
y
✳
▲❡♠♠❛ ✺✳✸✺✳ ▲❡t S ∈ R 〈∆R〉✳ ■❢ Γ ⊢R S : A t❤❡♥ Γ ⊢ Sˇ : A✳
Pr♦♦❢✳ ❖♥❡ ❡❛s✐❧② ♣r♦✈❡s ❜② ✐♥❞✉❝t✐♦♥ ♦♥ ♣❡r♠✉t❛t✐✈❡ t❡r♠ M t❤❛t t❤❛t ✐❢ Γ ⊢M : A
t❤❡♥ Γ ⊢ Mˇ : A✳
❚❤❡♦r❡♠ ✺✳✸✻✳ ▲❡t σ ∈ R 〈∆R〉 ❜❡ ❛ ✇❡❛❦❧② t②♣❛❜❧❡ t❡r♠✳ ❚❤❡♥ σ ✐s ✇❡❛❦❧② ♥♦r♠❛❧✐③✐♥❣
✐♥ t❤❡ s❡♥s❡ t❤❛t ✐t r❡❞✉❝❡s t♦ ❛ ♣r❡✲♥♦r♠❛❧ ❢♦r♠✳
Pr♦♦❢✳ ■❢ σ ✐s ✇❡❛❦❧② t②♣❛❜❧❡ t❤❡♥✱ ❜② ▲❡♠♠❛ ✺✳✸✺✱ σˇ ✐s t②♣❛❜❧❡✳ ❇② ❚❤❡♦r❡♠ ✺✳✷✸✱
σˇ ✐s str♦♥❣❧② ♥♦r♠❛❧✐③✐♥❣✱ ❤❡♥❝❡ σˇ →˜∗ τ ✇❤❡r❡ τ ✐s ♥♦r♠❛❧✳ ❇② Pr♦♣♦s✐t✐♦♥ ✺✳✷✺✱ τ ✐s
♣r❡✲♥♦r♠❛❧✱ ❛♥❞ s♦ ✐s JτK ❜② Pr♦♣♦s✐t✐♦♥ ✺✳✸✶✳ ❇② ▲❡♠♠❛ ✺✳✸✷✱ σ →˜∗ JτK✱ ❤❡♥❝❡ t❤❡
❝♦♥❝❧✉s✐♦♥✳
❘❡❝❛❧❧ t❤❛t ✐❢ R ✐s ♣♦s✐t✐✈❡✱ t❤❡♥ ❡✈❡r② ♣r❡✲♥♦r♠❛❧ ❢♦r♠ ✐s ❛ ♥♦r♠❛❧ ❢♦r♠❀ ✐♥ t❤✐s ❝❛s❡
❚❤❡♦r❡♠ ✺✳✸✻ st❛t❡s ❛ ❣❡♥✉✐♥❡ ✇❡❛❦ ♥♦r♠❛❧✐③❛t✐♦♥ ♣r♦♣❡rt②✳
✻✳ ❖t❤❡r ❆♣♣r♦❛❝❤❡s ❛♥❞ ❘❡❧❛t❡❞ ❲♦r❦
❯♥❞❡t❡r♠✐♥❛t❡ ❋♦r♠s✳ ■t ✐s ♥♦t❡✇♦rt❤② t❤❛t t❤❡ ❝♦❧❧❛♣s❡ ✇❡ ❞❡s❝r✐❜❡❞ ✐♥ s❡❝t✐♦♥ ✸✳✸
✐♥✈♦❧✈❡s ❛ t❡r♠∞σ s✉❝❤ t❤❛t∞σ →˜
∗
nσ+∞σ✱ ❢♦r ❛❧❧ n ∈ N✿ r❡❞✉❝t✐♦♥ ♦❢∞σ ❣❡♥❡r❛t❡s
❛♥ ✉♥❜♦✉♥❞❡❞ ❛♠♦✉♥t ♦❢ σ✳ ❚❤✐s ✐s ♥♦t ❛ s✉r♣r✐s❡✱ s✐♥❝❡ t❤❡ ✉♥t②♣❡❞ ❛❧❣❡❜r❛✐❝ λ✲❝❛❧❝✉❧✉s
✐♥✈♦❧✈❡s ❜♦t❤ ❧✐♥❡❛r ❛❧❣❡❜r❛ ❛♥❞ ❛r❜✐tr❛r② ✜①❡❞ ♣♦✐♥ts✳ ❚❤❡ t❡r♠ ∞σ + (−1)∞σ ✐s t❤❡♥
❛♥❛❧♦❣✉♦✉s t♦ t❤❡ ✇❡❧❧ ❦♥♦✇ ✐♥❞❡t❡r♠✐♥❛t❡ ❢♦r♠ ∞ −∞ ♦❢ t❤❡ ❛✣♥❡❧② ❡①t❡♥❞❡❞ r❡❛❧
♥✉♠❜❡r ❧✐♥❡ ✭t❤❛t ✐s R ∪ {−∞,∞}✱ t❤❡ t✇♦✲♣♦✐♥t ❝♦♠♣❛❝t✐✜❝❛t✐♦♥ ♦❢ R✱ ✇❤❡r❡ t❤❡
✉s✉❛❧ ♦♣❡r❛t✐♦♥s ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ ♦♥❧② ♣❛rt✐❛❧❧②✮✳ ❚❤❡ ❝♦❧❧❛♣s❡ ♦❢ r❡❞✉❝t✐♦♥ ✐♥ ♣r❡s❡♥❝❡
♦❢ ♥❡❣❛t✐✈❡ s❝❛❧❛rs ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t ✇❡ ❝♦♥s✐❞❡r ∞σ −∞σ = 0✳
◆♦t✐❝❡ t❤❛t ♦✉r ♦❜s❡r✈❛t✐♦♥s ❞♦ ♥♦t ❞❡♣❡♥❞ ♦♥ ❡q✉❛t✐♦♥s ✭✶✮ ❛♥❞ ✭✷✮✳ ❆s ❛ ♠❛tt❡r ♦❢
❢❛❝t✱ ✐❢ t❤❡r❡ ❡①✐sts η ∈ R ✇✐t❤ 1 + η = 0✱ t❤❡♥ ❛♥② ❝♦♥t❡①t✉❛❧ ❡q✉✐✈❛❧❡♥❝❡ r❡❧❛t✐♦♥ ∼=
❞❡✜♥❡❞ ♦♥ r❛✇ t❡r♠s s✉❝❤ t❤❛t✿
✖ ∼= ❝♦♥t❛✐♥s β✲r❡❞✉❝t✐♦♥✱ ✐✳❡✳ (λxM)N ∼=M [N/x] ❢♦r ❛❧❧ M,N ∈ ΛR❀
✖ ∼= ❝♦♥t❛✐♥s R✲♠♦❞✉❧❡ ❡q✉❛t✐♦♥s ✭❣r♦✉♣s ♦❢ ❡q✉❛t✐♦♥s ✭✻✮ ❛♥❞ ✭✼✮✮❀
✐s ✉♥s♦✉♥❞✳ ■♥❞❡❡❞✱ ✇❡ ❝❛♥ ❞❡✜♥❡ ∞M ∈ ΛR ❢♦r ❛❧❧ M ∈ ΛR✱ ❛♥❞ t❤❡♥ ∞M + η∞M ✐s
∼=✲❡q✉❛❧ t♦ ❜♦t❤ M ❛♥❞ 0✿
∞M + η∞M ∼= (1 + η)∞M ∼= 0
▲✳ ❱❛✉① ✷✽
❛♥❞
∞M + η∞M ∼= (M +∞M ) + η∞M ❜② ✐t❡r❛t❡❞ β✲r❡❞✉❝t✐♦♥s
∼= M + (∞M + η∞M )
∼= M + (1 + η)∞M
∼= M + 0
∼= M.
❖♥❡ s❡❡♠✐♥❣❧② ♥❛t✉r❛❧ ✈❛r✐❛♥t ♦❢ ♦♥❡✲st❡♣ r❡❞✉❝t✐♦♥ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♥❡✱ ✇❤✐❝❤ ✇❡
❛❧r❡❛❞② ♦✉t❧✐♥❡❞ ✐♥ ♦✉r ✐♥tr♦❞✉❝t✐♦♥✳ ❘❛t❤❡r t❤❛♥ ✭✹✮✱ ❡①t❡♥❞ r❡❞✉❝t✐♦♥ ❢r♦♠ s✐♠♣❧❡
t❡r♠s t♦ ❛❧❧ t❡r♠s ❜②✿
σ →̂ σ′ ✐❢ σ = as+ T ❛♥❞ σ′ = aS′ + T ✱ ✇✐t❤ a 6= 0✱ T(s) = 0 ❛♥❞ s→ S
′✳ ✭✶✵✮
❆s ❢❛r ❛s r❡❞✉❝t✐♦♥ ✐s ❝♦♥❝❡r♥❡❞✱ t❤✐s ❛♠♦✉♥ts t♦ r❡str✐❝t t❤❡ s②♥t❛① t♦ ❝❛♥♦♥✐❝❛❧ ❢♦r♠s ♦❢
t❡r♠s✳ ◆♦t✐❝❡ t❤✐s ✐s ♥♦t ❝♦♥t❡①t✉❛❧ ✐♥ t❤❡ s❡♥s❡ ♦❢ ❞❡✜♥✐t✐♦♥ ✷✳✺✳ ❚❤✐s ✐s st✐❧❧ ✉♥s♦✉♥❞ ✐♥
❣❡♥❡r❛❧✱ ❤♦✇❡✈❡r✿ ♦♥❡ ❝❛♥ r❡♣r♦❞✉❝❡ t❤❡ ❛r❣✉♠❡♥t ♦❢ s❡❝t✐♦♥ ✸✳✸✳✷✱ r❡♣❧❛❝✐♥❣ a∞σ+ b∞σ
✇✐t❤ a∞σ + b(λxx)∞σ✳
❲❡ ❤❛✈❡ ❛❧r❡❛❞② ♠❡♥t✐♦♥❡❞ ❛♥♦t❤❡r t❡❝❤♥✐q✉❡ t♦ ❞❡❛❝t✐✈❛t❡ ❝♦❡✣❝✐❡♥ts ❛♥❞ t❛♠❡ ,
❞✉r✐♥❣ r❡❞✉❝t✐♦♥✿ r❡♣❧❛❝❡ t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ ❛ t❡r♠ ✇✐t❤ ❢♦r♠❛❧ ✈❛r✐❛❜❧❡s✱ t❤❡♥ r❡❞✉❝❡
s♦♠❡ st❡♣s✱ ❧❛st r❡♣❧❛❝❡ t❤❡ ✈❛r✐❛❜❧❡s ✇✐t❤ t❤❡✐r ✈❛❧✉❡s✳ ❘❡❞✉❝t✐♦♥ →̂ ❝❛♥ ❜❡ s❡❡♥ ❛s
❛ str❛t❡❣② ✐♥ t❤✐s s❡tt✐♥❣✳ ■♥ ♣❛rt✐❝✉❧❛r✱ →̂ ✐s ✇❡❧❧✲❜❡❤❛✈❡❞ ❛s ❢❛r ❛s ♥♦r♠❛❧✐③❛t✐♦♥ ✐s
❝♦♥❝❡r♥❡❞✿ t❤❡ tr✐❝❦ ✐♥✈♦❧✈✐♥❣ r❛t✐♦♥❛❧ ❝♦❡✣❝✐❡♥ts ✐s ♥♦ ❧♦♥❣❡r ♣♦ss✐❜❧❡✱ ❛♥❞ ✭✇❡❛❦❧②✮
t②♣❡❞ t❡r♠s ❛r❡ str♦♥❣❧② ♥♦r♠❛❧✐③✐♥❣✳
❆ ♣♦ss✐❜❧❡ ✜① t♦ t❤❡ ❝♦❧❧❛♣s❡ ✇❤✐❧❡ r❡t❛✐♥✐♥❣ t❤❡ ❛❧❣❡❜r❛✐❝ str✉❝t✉r❡ ♦❢ t❤❡ ❝❛❧❝✉❧✉s
♠✐❣❤t ✐♥✈♦❧✈❡ t②♣✐♥❣✱ ✐♥ ♦r❞❡r t♦ ✇❛r❞ ❛r❜✐tr❛r② ✜①❡❞ ♣♦✐♥ts ♦✛✳ ❚❤❡♥ ♦♥❡ ❤❛s t♦ ✐♥tr♦❞✉❝❡
s♦♠❡ t②♣❡❞ ♥♦t✐♦♥ ♦❢ r❡❞✉❝t✐♦♥✿ ✇❡ ❤❛✈❡ s❡❡♥ t❤❛t t②♣❛❜✐❧✐t② ✐s♥✬t ❡✈❡♥ ♣r❡s❡r✈❡❞ ✉♥❞❡r
♦✉r ♥♦t✐♦♥ ♦❢ r❡❞✉❝t✐♦♥✳ ❚❤✐s ✐s t❤❡ s✉❜❥❡❝t ♦❢ ❝✉rr❡♥t ✇♦r❦✱ ✐♥ ❝♦♥♥❡❝t✐♦♥ ✇✐t❤ t❤❡
q✉❛♥t✐t❛t✐✈❡ s❡♠❛♥t✐❝s ♦❢ s✐♠♣❧② t②♣❡❞ ♦r❞✐♥❛r② λ✲❝❛❧❝✉❧✉s ✐♥ t❤❡ ✜♥✐t❡♥❡ss s♣❛❝❡s ♦❢
✭❊❤r✵✺✮✳
❆❧❣❡❜r❛✐❝ ❘❡✇r✐t✐♥❣✳ ■♥ ✭❆❉✵✻✮✱ ❆rr✐❣❤✐ ❛♥❞ ❉♦✇❡❦ ✐♥tr♦❞✉❝❡❞ t❤❡ ❧✐♥❡❛r ❛❧❣❡❜r❛✐❝ λ✲
❝❛❧❝✉❧✉s✳ ❚❤❡ ❜❛❝❦❣r♦✉♥❞ s❡tt✐♥❣ ✐s q✉✐t❡ ✉♥r❡❧❛t❡❞✿ t❤❡✐r ✇♦r❦ ♣r♦✈✐❞❡s ❛ ❢r❛♠❡✇♦r❦ ❢♦r
q✉❛♥t✉♠ ❝♦♠♣✉t❛t✐♦♥❀ ✐♥ ♣❛rt✐❝✉❧❛r✱ t❡r♠s r❡♣r❡s❡♥t ❧✐♥❡❛r ♦♣❡r❛t♦rs✱ ❤❡♥❝❡ ❛♣♣❧✐❝❛t✐♦♥
✐s ❜✐❧✐♥❡❛r r❛t❤❡r t❤❛♥ ❧✐♥❡❛r ✐♥ t❤❡ ❢✉♥❝t✐♦♥ ♦♥❧②✳ ◆♦t✇✐t❤st❛♥❞✐♥❣ t❤✐s ❞✐st✐♥❝t✐♦♥✱ t❤❡✐r
❛♣♣r♦❛❝❤ t♦ λ✲❝❛❧❝✉❧✉s ✇✐t❤ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥s ♦❢ t❡r♠s ❝♦♥tr❛sts ✇✐t❤ ♦✉rs✿ ❝♦♥s✐❞❡r
t❡r♠s ✉♣ t♦ ≡ r❛t❤❡r t❤❛♥ s♦♠❡ ✈❛r✐❛♥t ♦❢ ,✱ ❛♥❞ ❤❛♥❞❧❡ t❤❡ ✐❞❡♥t✐t✐❡s ❜❡t✇❡❡♥ ❧✐♥❡❛r
❝♦♠❜✐♥❛t✐♦♥s✱ t♦❣❡t❤❡r ✇✐t❤ ❛♥❛❧♦❣✉❡s ♦❢ ✭✶✮ ❛♥❞ ✭✷✮✱ ❛s r❡❞✉❝t✐♦♥ r✉❧❡s✳
❈♦♥❢r♦♥t❡❞ t♦ ♣r♦❜❧❡♠s s✐♠✐❧❛r t♦ t❤♦s❡ ✇❡ ❡①♣♦s❡❞ ❛❜♦✈❡ ✐♥ ♣r❡s❡♥❝❡ ♦❢ ♥❡❣❛t✐✈❡
❝♦❡✣❝✐❡♥ts✱ t❤❡② ♦♣t❡❞ ❢♦r ❛ ❝♦♠♣❧❡t❡❧② ❞✐✛❡r❡♥t s♦❧✉t✐♦♥✱ ❢❛r ♠♦r❡ ♥❛t✉r❛❧ ✐♥ t❤❡✐r
s❡tt✐♥❣✿ r❡str✐❝t t❤♦s❡ r❡❞✉❝t✐♦♥ r✉❧❡s ✐♥✈♦❧✈✐♥❣ r❡✇r✐t✐♥❣ ♦❢ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥s t♦ ❝❧♦s❡❞
t❡r♠s ✐♥ ♥♦r♠❛❧ ❢♦r♠✳ ❚❤✐s ❛❧❧♦✇s t♦ t❛♠❡ s♦♠❡ ♦❢ t❤❡ ✐♥tr✐♥s✐❝ ♣♦t❡♥t✐❛❧ ✐♥✜♥✐t② ♦❢ t❤❡
♣✉r❡ λ✲❝❛❧❝✉❧✉s✱ ❛✈♦✐❞✐♥❣ t♦ ❝♦♥s✐❞❡r ✐♥❞❡t❡r♠✐♥❛t❡ ❢♦r♠s✳ ❯♣ t♦ t❤❡s❡ r❡str✐❝t✐♦♥s✱ t❤❡②
♣r♦✈❡ ❝♦♥✢✉❡♥❝❡ ❢♦r t❤❡ ✇❤♦❧❡ s②st❡♠✳
❚❤✐s ♦♣❡♥s ✐♥t❡r❡st✐♥❣ ♣❡rs♣❡❝t✐✈❡s ❢♦r ❢✉t✉r❡ ✇♦r❦✱ ❛❧r❡❛❞② t❤❡ s✉❜❥❡❝t ♦❢ ❛ ❝♦❧❧❛❜✲
♦r❛t✐♦♥ ✇✐t❤ ❆rr✐❣❤✐ ❛♥❞ ❉♦✇❡❦✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐t s❡❡♠s ❛ s②st❡♠ s✐♠✐❧❛r t♦ t❤❛t ♦❢
✭❆❉✵✻✮ ❝❛♥ ❜❡ ❞❡s✐❣♥❡❞ ✐♥ t❤❡ s❡tt✐♥❣ ♦❢ t❤❡ ❛❧❣❡❜r❛✐❝ λ✲❝❛❧❝✉❧✉s✳ ▼♦r❡♦✈❡r ♦♥❡ ❝❛♥ s❡❡
❆❧❣❡❜r❛✐❝ ▲❛♠❜❞❛✲❈❛❧❝✉❧✉s ✷✾
t❤❡ ❞✐✈❡r❣❡♥❝❡ ♦♥ t❤❡ tr❡❛t♠❡♥t ♦❢ ❧✐♥❡❛r✐t② ✐♥ ❜♦t❤ ✇♦r❦s ❛s t❤❡ ♠❛♥✐❢❡st❛t✐♦♥ ♦❢ t❤❡
❝❛❧❧✲❜②✲♥❛♠❡ ✭❈❇◆✮ ✈s✳ ❝❛❧❧✲❜②✲✈❛❧✉❡ ✭❈❇❱✮ ❞✉❛❧✐t②✿ ❆rr✐❣❤✐✕❉♦✇❡❦✬s ❧✐♥❡❛r ❛❧❣❡❜r❛✐❝
λ✲❝❛❧❝✉❧✉s ✐s ✐♥tr✐♥s✐❝❛❧❧② ❛ ❈❇❱ s②st❡♠✱ ✇❤❡r❡❛s ♦✉r ❛❧❣❡❜r❛✐❝ λ✲❝❛❧❝✉❧✉s ✐s r♦♦t❡❞ ✐♥
t❤❡ ❈❇◆ tr❛♥s❧❛t✐♦♥ ♦❢ λ✲❝❛❧❝✉❧✉s ✐♥ ❧✐♥❡❛r ❧♦❣✐❝ ✭r❡❝❛❧❧ t❤❛t ✐t ♦r✐❣✐♥❛t❡s ✐♥ t❤❡ ♣r❡s❡♥✲
t❛t✐♦♥ t❤❡ ❞✐✛❡r❡♥t✐❛❧ λ✲❝❛❧❝✉❧✉s ♦❢ ❊❤r❤❛r❞ ❛♥❞ ❘❡❣♥✐❡r✮✳ ■t ✐s ❛ ♠❛tt❡r ♦❢ ♣❛rt✐❝✉❧❛r
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